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Technologies for harvesting offshore renewable energy based on 
floating platforms, such as offshore wind, wave and tidal energies, are 
currently being developed with the purpose of achieving a competitive 
cost of energy. The economic impact of the mooring system is 
significant within the total cost of such deployments and large efforts 
are being carried out to optimise designs. In order to obtain 
economically efficient designs, it is very convenient that the mooring 
system is considered with sufficient accuracy from early stages of the 
technology development path. Analysis of mooring systems at early 
stages generally require a trade-off between quick analysis methods and 
accuracy to carry out multi-variate sensitivity analyses. Even though 
the most accurate approaches are based on the non-linear finite element 
method in the time domain, they can result in being very time 
consuming. 
The most widely used numerical approaches for mooring line load 
estimates have been analysed and compared in the preliminary stage of 
this thesis. It is shown that mooring optimization analyses can be 
carried out for heaving wave energy converters considering the 
horizontal stiffness introduced by the mooring system in the floating 
structure, as long as the considered pretensions are mild. In addition, it 
is also verified that accurate line tension estimates require lines drag 
and inertia forces to be accounted for. 
A mooring and floating structure coupled model has been developed 
based on the lumped mass approach. It has also been validated with 
experimental wave tank testing results of a floating cylindrical buoy 
moored through three catenary lines, provided by TECNALIA. It has 
been confirmed that the differences found in the floating structure and 
mooring coupled numerical model have been mainly produced by the 
uncertainty on hydrodynamic force estimates on the floating structure 
rather than by the lumped mass method, that has been found to be very 
accurate. In addition, seabed friction significantly influences line 
tension of lines with transverse motions, and friction models should be 




With the purpose of enabling quick line tension estimates, a 
linearization of the structure and mooring coupled model has been 
proposed and a frequency domain approach has been developed. It has 
been verified against the corresponding results of the already validated 
time domain model, both applied to a floating wave energy converter 
moored with three catenary lines. The obtained results in operational 
conditions have been accurate enough, enabling modal analysis of the 
coupled system.  





Actualmente se están desarrollando tecnologías para la captación de 
energías renovables marinas basadas en plataformas flotantes, como las 
energías eólica marina, undimotriz y mareomotriz, con el fin de lograr 
un coste de la energía competitivo. El impacto económico del sistema 
de fondeo es significativo dentro del coste total de dichos despliegues 
y se están realizando grandes esfuerzos para optimizar los diseños. Con 
el fin de obtener diseños económicamente eficientes, es muy 
conveniente que el sistema de fondeo se considere con suficiente 
precisión desde las primeras etapas del desarrollo tecnológico de las 
tecnologías correspondientes. El análisis de los sistemas de fondeo en 
las primeras etapas generalmente requiere un equilibrio entre métodos 
rápidos de análisis y una precisión suficiente para llevar a cabo análisis 
de sensibilidad de múltiples variables. Aunque los enfoques más 
precisos se basan en el método de elementos finitos no lineales en el 
dominio del tiempo, éstos pueden resultar en altos costes 
computacionales. 
En la etapa preliminar de esta tesis se han analizado y comparado los 
enfoques numéricos más utilizados para estimar las cargas en las líneas 
de amarre. Se muestra que se pueden realizar análisis de optimización 
de fondeos para convertidores de energía de olas basados en su 
dinámica vertical considerando la rigidez horizontal que introduce el 
sistema de fondeo en la estructura flotante, siempre que las pretensiones 
consideradas sean leves. Asimismo, se verifica que estimaciones 
precisas de las tensiones de línea requieren que se tengan en cuenta las 
fuerzas de inercia y viscosas del fluido en dichas líneas. 
Posteriormente se ha desarrollado un modelo acoplado de estructura 
flotante y fondeo basado en el enfoque ‘lumped mass’. Éste ha sido 
validado con resultados de ensayos experimentales en tanque de olas de 
una boya cilíndrica flotante amarrada a través de tres líneas en 
catenaria, proporcionados por TECNALIA. Se ha confirmado que las 
diferencias encontradas entre los resultados del modelo numérico y los 
del modelo físico se han producido principalmente por incertidumbre 




flotante, en lugar de en el modelo de las líneas de fondeo, basado en el 
método de ‘lumped mass’ que se ha verificado que es muy preciso. 
Asimismo, la fricción con el lecho marino influye significativamente en 
la tensión de las líneas con movimientos transversales, y los modelos 
de fricción deben seleccionarse y ajustarse cuidadosamente. 
Con el fin de permitir estimaciones rápidas de la tensión de la línea, se 
ha propuesto una linealización del modelo acoplado de estructura y 
fondeo y se ha desarrollado un enfoque en el dominio de la frecuencia. 
Se ha verificado con los correspondientes resultados del modelo en el 
dominio del tiempo ya validado, ambos aplicados a un convertidor de 
energía undimotriz flotante amarrado con tres líneas en catenaria. Los 
resultados obtenidos en condiciones operativas han sido satisfactorios, 
permitiendo a su vez el análisis modal del sistema acoplado. 
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Some general aspects need to be considered when reading this thesis, 
as explained in the following points: 
- Variables in square brackets [] denote matrices 
- Variables in curly brackets {} denote vectors 
- Overdots indicate time derivatives 
- Abbreviations are generally defined the first time they appear 
- Units are indicated in square brackets [] to be clearly distinguished 
from the text. 
- When pairs of number in sub-scripts are used, denote row and column 
in matrices 
- Italics are used to describe symbols, variables or specific aspects or 
names of equations as well as typing all abbreviations 
- The symbol ‘^’ over a variable indicates complex amplitude 
- Subscripts G and L denote the variable is referred to global and local 
coordinate centers respectively 
- Subscripts in general are added to reference he object that the main 
variable refers to, e.g. moor, str… 
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ℎ  water depth 
𝜂  Surface elevation 
𝜂𝑎  Wave amplitude 
𝜆  wavelength 
𝜔  wave frequency 
𝜑  Wave phase 




𝑘  Wave number 
𝜆  Wavelength 
𝑔  Gravity 
ρw  Water density 
𝑢, 𝑣, 𝑤 Horizontal (positive X and Y) and vertical (positive Z) 
fluid velocities 
𝐸𝑝, 𝐸𝑘  Potential and kinetic wave energy 
𝐽  Energy transport, Energy flux or Power flux 
𝑆𝑥(𝜔)  Frequency spectrum of the variable x 
𝐻𝑠  Sea state significant wave height 
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𝜎𝑥  Standard deviation of the variable x 
Θ  Velocity potential 
𝛹 𝑎𝑛𝑑 𝜒 Normalized velocity potentials 
𝛿, ?̇?, ?̈?  Rigid-body body position, velocity and acceleration 
𝐴(𝜔)  Frequency dependent Radiation Added mass coefficient 
𝐵(𝜔)  Frequency dependent Radiation Damping coefficient 
𝑀  Mass term 
𝐾ℎ  Hydrostatic Stiffness term 
𝐹𝑤 Wave excitation linear force. Froude-Krylov and 
Diffraction force coefficients 
𝐵(𝜏)  Radiation impulse response function 
𝐴(∞)  Infinite-frequency limit of the Added mass coefficient 
𝐶𝑎  Morison Added mass coefficient 
𝐶𝑑  Viscous force coefficient 
𝑇ℎ  Horizontal component of line tension 




𝑙𝑠  Suspended line length 
𝐸  Material Young modulus 
𝐴  Cross sectional area 
𝜓𝑖  Angle in the XY plane of the mooring line i 
𝐹ℎ𝑦𝑑  Hydrodynamic Morison force 
𝜉  Critical damping of a mechanical system 
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Offshore renewable energies have already become relevant in the 
energy generation mix, especially bottom-fixed offshore wind, that has 
been commercially deployed for years. In addition, technologies based 
on floating structures for harvesting wind, tidal currents and wave 
energy, can be deployed in a wider variety of locations. They represent 
the largest untapped potential, and this makes them of interest for a 
large number of research projects. 
Wave Energy Conversion technologies are being developed with the 
purpose to be deployed in groups of several devices and the cost of the 
mooring system is a relevant item within the total array cost. Therefore, 
it is very interesting that the estimates of the mooring cost are monitored 
along the path to commercialization, well estimated for single device 
and afterwards extrapolated to arrays of wave energy converters 
(WECs). 
The sizing of mooring systems tends generally to be very influenced by 
extreme environmental conditions but are also subject to fatigue loading 
under operational conditions. Unlike other mechanical systems, 
mooring lines are generally described by non-linear models and, given 
the required low natural frequencies to horizontal motions compared to 
wave frequencies (WF), mooring analysis need long time domain (TD) 
simulations to define their statistics. Therefore, a design process in 
which multi-variate sensitivity analyses are required, can be difficult to 
be carried out with the most common numerical methods, based on the 
non-linear finite element method (FEM) solved in the time domain. 





consider catenary lines as quasistatic systems, solved both in the 
frequency and in the time domains. Several standardization bodies 
provide guidelines on how to apply such methods for traditional 
offshore structures based on quasistatic mooring lines. However, wave 
energy conversion structures are very dynamically excited and further 
assumptions may be necessary in order to use the mentioned quasistatic 
methods. 
This thesis has been developed with a focus on numerical approaches 
for the assessment of floating structures moored through catenary 
mooring systems and applied to floating heaving WECs. The main 
rationale to perform this thesis has been to find the most appropriate 
numerical approaches for this kind of structures at early stages of 
development. 
Therefore, a set of numerical models has been developed, validated and 
applied to a floating WEC, considered as a case study. Initially, the 
uncertainty of the simplest approaches has been provided for extreme 
events and different mooring settings. Subsequently, a fully coupled 
rigid body motions and lumped mass method numerical tool has been 
developed, which has been validated through physical results obtained 
in a tank testing campaign of a catenary anchor leg moored buoy, 
showing its strengths and weaknesses. This model has been linearized, 
and a frequency domain (FD) model has been proposed to account both 
for rigid body motions and lines drag and inertia forces. It has been 
verified with its non-linear counterpart, previously validated, providing 
the results in 36 sea states along with the most influencing aspects in its 
accuracy. 
1.2 Previous Work of Other Researchers 
Large pieces of research have been carried out so far to estimate 
mooring loads appropriately. The most widely used method for 
numerical modelling of mooring lines is the non-linear lumped mass as 
well as the non-linear FEM. Many authors have already introduced this 
method and validated with tank test results, showing very good 





V. D. Boom et al.[1] Introduced and validated an algorithm based on 
the lumped mass method with tank tests for mooring dynamic loads 
estimation. It was documented that dynamic effects of mooring lines 
strongly influence maximum line tensions and may, in some situations, 
affect the low frequency motions of the moored structure.  
J. Azcona et al.[2] Presented a mooring numerical model based on the 
non-linear lumped mass method, solved in the time domain. It was 
validated with physical tests, consisting in regular horizontal motions 
of the fairlead in the plane of the catenary and also compared with the 
corresponding results of a quasistatic model. The lumped mass model 
showed accurate line tension results compared with the experimental 
data. The comparison between the lumped mass and the quasistatic 
model provided a maximum tension ratio between 2 and 3, highlighting 
the underestimation of the quasistatic model under certain periods. The 
code was subsequently coupled with FAST in J. Azcona et al.[3] for the 
assessment of fatigue loads on mooring lines of floating wind turbines. 
The coupling scheme consists in sharing motions and loads between 
parallel numerical models. 
M. Hall et al.[4] Introduced a mooring numerical model based on the 
non-linear lumped mass method, solved in the time domain. It was 
validated with physical tests of a catenary moored floating wind turbine 
platform subject to regular waves. The results show good line tension 
estimates in prescribed motions while the accuracy is reduced when 
coupled with FAST. Results of the corresponding quasistatic model are 
also included, showing maximum line tensions of 60% to 70% with 
respect to the lumped mass. It is stated that structure hydrodynamics 
seem to introduce larger uncertainty than the lumped mass mooring 
model, however structure motions are not significantly sensitive to 
using either the quasistatic or the coupled lumped mass models. The 
coupling scheme is carried out through parallel numerical models, 
sharing forces and motions between the structure and the mooring 
models. 
V. Harnois et al.[5] Used a non-linear FEM coupled with linear 
potential coefficients in a commercial code to validate a catenary 
mooring system with lines made up of combined chain with a compliant 





linear viscous drag term, fitted with the decay physical tests. It showed 
good results in irregular waves and the influence of drift force 
numerical estimation was investigated. 
K. Xu et al.[6] Presented a numerical model of a catenary moored 
floating wind turbine, based on the finite element method coupled with 
the rigid body motions based on the potential flow theory. The effect of 
the water depth on mooring line loads was investigated in water depths 
within the range of 50m to 200m. It highlights that the slowly varying 
drift forces are underpredicted with the Newman approximation as the 
water depth decreases, having a significant influence on line tension 
estimates.  
T. H. J. Bunnik et al.[7] Introduced a numerical model of a catenary 
anchor leg mooring buoy and its validation with tank test results. It is 
based on linear potential coefficients coupled to the lumped mass 
method. The model was complemented with a non-linear viscous drag 
term computed from the decay tests. It highlights that line dynamics are 
relevant for a good prediction of line tensions and that potential flow is 
not sufficient for pitch motion estimates.  
M. The Vu et al.[8][9] Applied the quasistatic approach to estimate the 
umbilical cable influence on underwater vehicles, accounting for 
current forces on the umbilical. The results show significant influence 
on the underwater vehicle horizontal motions compared with the same 
configuration without the effect of the umbilical cable. 
C. V. Amaechi et al.[10] Analysed the influence of considering 
hydrodynamic loads on lines with the lumped mass approach solved in 
the time domain. It results in an increase on line tensions with factors 
of up to 2 when accounting for hydrodynamic loads. 
References [11] and [12] represent two commercial software packages, 
SESAM and SIMA, both based on the Simo and Riflex packages. It 
couples linear and non-linear body motions based on potential flow 
theory with non-linear finite elements for mooring lines and umbilical 
cable models. The coupling scheme is carried out through parallel 
numerical models, sharing forces and motions between the structure 





Reference [13] represents the commercial software Orcaflex that takes 
the outputs of linear potential flow solvers for body dynamics and 
couples with the corresponding mooring lines and umbilical cables 
including stiffness and damping terms directly between the 
corresponding degrees of freedom. This scheme has also been presented 
in Z. Ran et al. [14] which allows both mechanical systems to be solved 
fully coupled. 
The applicability of the lumped mass and FEM methods also holds for 
Wave Energy Conversion technologies. This thesis addresses the 
applicability of the existing and the herein proposed coupled 
approaches to floating spar type heaving WECs. A significant effort is 
being made in order to bring a Wave Energy Conversion technology to 
a commercial stage, and many studies have been carried out to assess 
the power conversion capacity of technologies proposed by several 
research organizations, such as the floating spar type Oscillating Water 
Column (OWC) WEC. 
A. F. de O. Falcão [15] Presented an in-depth review of the wave energy 
numerical modelling and development during four decades, up to 2010. 
Several topics are addressed: the wave energy resource, theoretical 
background, focused on wave energy absorption and control, power 
take off mechanisms and mooring systems. The main challenges of 
technology development were identified, such as costs of small testing, 
as well as the need to deploy large structures, adapted to the wavelength 
to optimize the energy absorption.  
R. P. F. Gomes et al.[16] A Floating OWC device type geometry was 
optimised through extensive numerical modelling, with the objective of 
maximising wave energy absorption with geometric constraints. It is 
shown that the total submerged length was required to be relatively 
large in order to capture the energy in waves of larger periods. The 
influence of the air chamber height is more significant with larger 
submerged lengths. 
F. X. Correia da Fonseca et al.[17] Carried out an experimental 
investigation of a floating OWC device type isolated and in a triangular 
array configuration. It was found that protecting the turbine through a 





the mooring induced loads. It was also found that, once the heaving 
motion was tuned to the most energetic period, the array performance 
per device was improved compared with the isolated device. 
However, the need to optimize mooring costs and monitor its influence 
on the levelized cost of energy (LCOE) has been pointed out by many 
authors. Therefore, it is very convenient to assess the coupled model 
from the very beginning of the design. 
Early stages require a large number of very quick simulations, which 
has also inspired many authors to propose several FD based techniques 
to account for the coupled system. Some interesting pieces of research 
have been carried out to synthetize the mooring influence on the floater 
motions and others also proposed methods to estimate line tensions 
accounting to some extent for lines’ inertia and drag loads. 
Reference [18] is an offshore standard, it suggests an initial approach 
to synthetize the mooring influence on the floating structure in the 
offshore industry in general and in the offshore renewable energy 
sector. It consists in the linearization of the horizontal nonlinear 
geometric stiffness at the mean position of the structure. Through this 
procedure main horizontal motion properties and the order of 
magnitude of line tensions can be estimated. 
F. Cerveira et al.[19] Introduced a numerical model of a floating WEC 
accounting for the influence of mooring lines. In order to account for 
geometric stiffness, inertia and drag effects, they added an equivalent 
impedance to the floater linear hydrodynamics. It allowed to assess the 
impact of the mooring system on wave energy extraction that was 
proved not to be significant for the investigated point absorber reacting 
against the seabed.  
J. Fitzgerald et al.[20] Presented a methodology to account for the 
mooring influence on the floater performance. It is applied to a 
frequency domain numerical model of a generic WEC, consisting in a 
vertical heaving cylinder. The methodology consists in adding an 
equivalent impedance to the frequency domain model, precomputed 
with a lumped mass method imposing a sinusoidal motion at the 
fairlead. It highlights the importance of computing the added 





method can be extensively used to control the mooring influence on the 
wave energy converter performance but a faster method for impedance 
computation may be convenient. 
K. Larsen et al.[21] Presents two frequency domain methods for the 
calculation of the dynamic tension of single and multiple segment 
mooring lines. One based on the catenary equations and an estimation 
of the line drag resistance and a second method based on a single degree 
of freedom dynamic system per mooring line that accounts for lines’ 
drag and inertia loads. Good agreement for a wide range of mooring 
configurations was found for the second method for floater motions and 
line tensions. 
Y. M. Low et al.[22] A numerical model of both floater and lines 
dynamics in both frequency and time domain was introduced. It is based 
on the linear potential flow and the lumped mass method respectively. 
It builds up the mass, stiffness and damping matrices to represent lines 
structural properties, coupled with the floater dynamics. The geometric 
non-linearity is linearized computing the tangent stiffness around the 
mean position of the platform and the viscous drag term is also 
linearized by means of harmonic or statistical linearization. It has been 
applied to a floating platform moored in ultra-deep waters, expecting 
the geometric non-linearity to be not significant. Very good agreement 
is found between the non-linear time domain method and the 
commercial software Orcaflex as well as between the linearized model 
and the non-linear time domain, both in terms of floater motions and 
line tensions. In addition, the same authors suggested a hybrid TD and 
FD methods [23] for intermediate water depths, i.e. 200m, as the 
geometric non-linear stiffness is more relevant in lower water depths, 
showing accurate results.  
1.3 Outline of the Thesis 
The focus is to identify and propose numerical models for floater 
motions and mooring lines loads, applied to catenary moored heaving 
wave energy converters at early stages of development. It is broken 
down into three main parts, a state of the art in recent developments and 





models (Chapter 3) and the main results that support the conclusions 
(Chapter 4, Chapter 5 and Chapter 6). 
Chapter 2. It is composed of two main parts. The first section introduces 
the wave energy potential identified by several authors along with a 
description of the main types of wave energy technologies. Some of the 
most relevant technologies developed so far are introduced. Then a 
review of the state-of-the-art techniques for numerical modelling of the 
resource, floating structures and catenary mooring systems has been 
included. An introduction to numerical modelling methods of kinematic 
constraints is also added, that will be used in the subsequent chapters. 
Chapter 3. The four numerical models developed in this thesis are 
introduced. Specifically, the Dynamic Linearized Frequency Domain 
model is the most relevant contribution of this thesis. A second section 
about the numerical models of the floating structures used in the thesis 
as case studies is also added. 
Chapter 4. Main results of a comparison of numerical approaches for a 
heaving wave energy converter, subject to extreme environmental 
conditions, are introduced. It provides the ranges of applicability of 
each numerical approach for both floater motions and mooring lines’ 
loads. 
Chapter 5.  Tank testing validation of the herein developed non-linear 
lumped mass model fully coupled to a floating structure is introduced. 
The validation has been carried out with tank test results of a catenary 
anchor leg moored (CALM) buoy in four main phases: decay tests 
without mooring system, decay tests with mooring system, mooring 
loads analysis with prescribed motions and structure and mooring 
system analysis with fully coupled simulations. 
Chapter 6. The verification results of the herein proposed and developed 
Dynamic Linearized Frequency Domain model are introduced. The 
verification has been carried out with the non-linear lumped mass and 






1.4 Main Contributions 
The main contributions of this thesis are subsequently mentioned and 
described: 
- A critical comparison between the most commonly used approaches 
for floating structure and mooring system analysis has been 
performed, applied to a floating spar-type WEC. It shows that the most 
simplified numerical approaches can be used for optimization 
purposes in early stages, for mooring lines with a relatively low 
pretension. In addition, it shows the need to account for lines drag and 
inertia for appropriate mooring line tension estimates. 
- A fully coupled floating structure and mooring lines numerical tool 
has been developed, and subsequently validated with a tank testing 
campaign of a CALM buoy. Results over a wide range of sea states 
show that the mooring model is very accurate while the higher 
uncertainty of the coupled model comes mainly from the floating 
structure. 
- The linearization of the floating structure and dynamic mooring 
system coupled tool, to be solved in the frequency domain, has been 
developed and verified with its non-linear time domain counterpart, 
applied to a floating spar-type WEC in operational conditions. It 
shows good agreement in general and enables coupled eigenmode 
analysis. It is a tool two orders of magnitude faster than non-linear 
time domain techniques to solve body motions and mooring line 
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Chapter 2 
State of the Art 
2.1 Introduction 
This chapter provides an overview of some of the most advanced WEC 
technologies along with the most used numerical modelling methods. 
The variety of typologies of WECs is significant and adapted numerical 
tools, that appropriately represent WEC motions, are needed in order to 
reduce the numerical modeling efforts in early stages, both for 
performance assessment and load estimates. On the other hand, there 
are already mature numerical methods for resource, body motions and 
mooring numerical modelling that have been used in the offshore 
industry for years. Section 2.3 collects the most relevant numerical 
modelling methods for WEC motions as well as for mooring loads 
analysis. In addition, a commonly used method to set constraints in 
numerical analysis of mechanisms is also included, that is used in 
subsequent chapters to couple floating bodies that compose WECs and 
the WEC itself with its corresponding mooring lines. 
2.2 Marine Renewable Energy. Wave Energy Technology Potential 
and Development 
Marine renewable energy is a promising source of energy with a large 
potential to be commercialized. It can be considered as any kind of 
energy that can be found and converted from marine water. There is 
currently a significant research and technology development effort 
being carried out focused on different kinds of marine energy. Some of 
them are: 
- Tidal Range and Tidal Stream 
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- Ocean Thermal Gradient Energy Conversion 
- Salinity Gradient or Osmotic Power 
- Wave Energy 
Other kinds of energy that can be harnessed in the oceans and also 
currently under development are: 
- Submarine geothermic power 
- Marine biomass 
- Offshore Wind 
Wave energy resource potential, represented in Figure 1, at a world 
scale is estimated to be of the order of magnitude of the world energy 
consumption and probably 10-25% of that resource can be exploitable 
[24]. 
 
Figure 1 Estimated Average Annual Wave Power per meter of incoming wave front. 
Courtesy of J. Cruz [24] 
The available power on the shores of many countries, interested in 
developing clean and renewable energy, boosts wave energy 
development creating small but promising companies to develop 
technologies for wave power conversion. 
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The challenge of wave power conversion comes up at the very 
beginning of the design phase as there is not a demonstrated best 
technology yet. Therefore, even though there are currently some 
promising developments at the technology demonstration phase, a 
significant portion of the research is focused on the working principle 
of the technology in order to find the one that demonstrates feasible 
forecasts of the LCOE, able to compete with the already commercial 
renewable energy generation technologies. 
The largest untapped potential can be found in waters deeper than 50m. 
For this reason, the mooring system is a key technical aspect to be 
analysed and solved. Moreover, the station keeping system must assure 
device positioning while maintaining power production levels. 
Therefore, sizing the mooring system entails a challenge as size and 
device motions are significantly different to those of the traditional 
offshore industry, yet considered as unmanned permanent structures. 
2.2.1 Wave Energy Conversion Technologies 
Many different technologies have been analysed and tested so far, based 
in different principles. The most common ones have been collected in 
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Figure 2 Main Wave Energy Conversion technologies. From top left to bottom right: 
Submerged pressure differential, Attenuators, Surface point absorber, 
Oscillating water column, Overtopping devices and Oscillating wave surge 
converters. Courtesy of Aquaret [25] 
These wave energy conversion principles are also described in the same 
reference as follows: 
- Submerged pressure differential devices capture energy from pressure 
change as the wave moves over the top of the device causing it to rise 
and fall. 
- Attenuators are floating devices that are aligned perpendicular to the 
waves.  These devices capture energy from the relative motion of the 
two arms as the wave passes them. 
- Surface point absorbers are floating structures that can absorb energy 
from all directions.  They convert the motion of the buoyant top 
relative to the base into electrical power. 
- Oscillating water column technologies convert the rise and fall of 
waves into movements of air flowing past turbines to generate power. 
- Overtopping devices have a wall over which waves break into a 
storage reservoir which creates a head of water.  The water is released 
back to the sea through a turbine to generate power. 
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- Oscillating wave surge converters are near-surface collectors, 
mounted on an arm which pivots near the seabed.  The water particles 
in the waves cause the arm to oscillate and generate power. 
A significant number of wave energy converters, based on the 
principles showed in Figure 2 or a combination of them, have been 
developed so far showing acceptable energy production capacity, many 
of them based on floating structures. 
Some of the most relevant technologies developed during last years 
have been the Pelamis Wave power device [26] and the Oyster device 
by Aquamarine Power [27] that were an attenuator and an oscillating 
wave surge converter respectively. 
In 2004, Pelamis Wave Power, showed in Figure 3, demonstrated their 
first full-scale prototype, the P1, at EMEC’s wave test site at Billia 
Croo. Here, the P1 became the world’s first offshore wave power 
converter to successfully generate electricity into a national grid. The 
device was 120m long, 3.5m in diameter and comprised four tube 
sections. The first P2 machine, P2-001, was ordered by E.ON UK in 
2009: the world’s first wave power machine to be purchased by a utility 
company. Arriving in Orkney in July 2010, the 750kW P2 machine was 
successfully installed at the Billia Croo wave test site for the first time 
in October 2010. Following a three-year testing programme, the P2-001 
returned to the ownership of Pelamis Wave Power, for continued 
demonstration alongside the ScottishPower Renewables owned P2-002. 
Unfortunately, Pelamis went into administration in November 2014, 
and Wave Energy Scotland now owns their assets and IP. The P2-001 
has been dismantled. 
 
Figure 3 Pelamis Wave power P2-001 device installed. Courtesy of EMEC [26] 
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The Oyster concept, showed in Figure 4, is an oscillating wave surge 
converter: a buoyant, hinged flap attached to the seabed at around ten 
metres depth, around half a kilometre from shore. This flap, which is 
almost entirely underwater, moves backwards and forwards in the near-
shore waves. The movement of the flap drives two hydraulic pistons 
which push high pressure water onshore to drive a conventional 
hydroelectric turbine. Aquamarine Power deployed and tested two full-
scale Oyster devices at EMEC: the 315kW Oyster 1 and the second-
generation 800kW Oyster 800, spending in excess of £3M in Orkney 
and working with over 40 local businesses. Oyster 800 was grid-
connected in June 2012 at EMEC’s Billia Croo test site until the test 
programme ended in 2015, when the company ceased trading. 
  
Figure 4 Aquamarine power’s Oyster 800 device installed (left) and during its 
deployment (right). Courtesy of EMEC and OffshoreWind.biz [27] [28] 
Some of the most relevant technologies currently under development 
are the Marmok device [29], owned by IDOM [30], the Ocean Energy 
buoy (OE buoy) owned by Ocean Energy Ltd and funded by the 
Government of Ireland and the US Department of Energy (DOE) [31] 
and the Corpower’s wave energy concept [32]. These concepts are at a 
technology demonstration stage and actively taking part in R&D funded 
projects. 
IDOM is an international engineering, architecture and consultancy 
firm, headquartered in Bilbao, with more than 3000 professionals 
providing services in a large variety of areas. Their technology is an 
OWC, showed in Figure 5, basically made up of three parts: a floater 
that is excited by the effect of waves, a hollow cylinder that contains 
the water column and a lower ballast that provides stability and inertia. 
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The air flow produced by the relative motion of the buoy with respect 
to the internal water column is forced to pass through a bidirectional 
turbine located at the top of the floater. The turbine rotates in a single 
direction regardless of the direction of the air flow, allowing the 
generator to be directly coupled to the turbine shaft. Different control 
strategies are used to adjust and optimize the actions of the turbine for 
each sea state, as well as to protect it in the event of a storm. 
 
Figure 5 MARMOK-A-5 device at open sea. Courtesy of IDOM [33] 
OE Buoy is a wave power device that uses an OWC design, showed in 
Figure 6. It was deployed in half-scale test mode in Spiddal near 
Galway in Ireland for over two years between 2007 and 2009. In 2011 
the model was redeployed at the same site, primarily as a data collector 
for the EU funded Cores Project [34]. There is currently a project to test 
an OE buoy featuring a 500kW turbine designed by Siemens 
Government Technologies that will undergo 12 months of open ocean, 
grid-connected testing at the US Navy’s Wave Energy Test Site. One 
of the buoy’s most distinguishing features is its 35 meter, 826-ton hull, 
which was fabricated throughout 2019. 
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Figure 6 Ocean Energy buoy ready for deployment. Courtesy of Sustainable Energy 
Authority Of Ireland [31] and the U.S. Office of Energy Efficiency & Renewable 
Energy [35] 
CorPower Ocean is a Swedish SME and their Wave Energy Converters 
are point absorber type, see Figure 7, with a heaving buoy on the surface 
absorbing energy from ocean waves. The buoy is connected to the 
seabed using a tensioned mooring system. The company states that their 
novel phase control technology makes the compact devices oscillate in 
resonance with the incoming waves, strongly amplifying the motion 
and power capture. 
 
Figure 7 CorPower Ocean technology at open sea. Courtesy of CorpowerOcean [32] 
In addition to past and current developments already mentioned, the 
Mutriku Wave power plant [36] has been delivering wave power to the 
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grid since it was inaugurated in July 2011 and it is the first wave power 
plant in Europe to sell the energy it generates. It is integrated in a 
breakwater in Mutriku town in the Basque Country and has 16 
pneumatic turbines that can generate 296 kW of power, see Figure 8. 
The turbines operate using OWC technology, based on the creation of 
air flow from the changing level of water inside a chamber due to the 
movement of the waves. 
  
Figure 8 Breakwater in which the fixed OWC chambers are integrated (left) and 
some drivetrains mounted over the corresponding chambers (right). Courtesy of 
Ente Vasco de la Energía [36] 
When accounting for all cost items of wave energy devices, such as the 
structure, power take off (PTO), the mooring system or operation and 
maintenance (O&M) costs, the forecasted LCOE turns out to be not yet 
competitive with the current renewable energy market. The mean 
LCOE forecasted for different Wave Energy devices is ranged in 182-
636€/MWh [37], in contrast with the price of the electricity in Spain 
during the year 2019, that was within the range of 45-75€/MWh, as 
shown in Figure 9. 
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Figure 9 Annual electricity price in Spain during the year 2019. Courtesy of 
Operador del Mercado Ibérico de Energía [38] 
As a consequence of the cost estimates, it seems important to keep track 
of the LCOE forecasts, along with good performance power levels, as 
WEC concepts are further developed. These approaches are being 
considered by a number of authors as [39] or [40], that assess the 
technology performance in terms of cost and power performance as it 
progresses through the technology readiness levels (TRLs). Alongside 
these works, there are ongoing European Union funded projects, such 
as [41], to identify the innovation paths for WECs and tidal energy 
converters with solid technical tools for the performance assessment. 
 
Figure 10 Wave LCOE Percentage Breakdown by Cost Centre Values at Current 
Stage of Deployment (Left) and the commercial Target (Right). International 
Energy Agency – Ocean Energy Systems [42] 
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In Figure 10 an estimation of the cost breakdown is provided in which 
the most relevant cost items are identified when evaluating the LCOE 
of WEC devices. It is shown that the device structure, O&M and the 
mooring system are the most influencing cost items. Additionally, a 
commercial target cost has been provided in which a 50-75% reduction 
is envisaged, mostly based in O&M cost reductions but with an 
increasing relative cost of mooring systems, up to a 12%.  
This provides a reasonable framework to do research on numerical 
modelling approaches for mooring systems of WECs so that appropriate 
cost and performance estimates can be carried out from the very 
beginning of the technology development. 
2.2.2 Types of Mooring Systems 
There is a large variety of mooring configurations that can be used for 
any floating offshore structure. Most of them can be classified within 
catenary, semitaut and taut moorings, however these three main groups 
can be broken down into a larger number as represented in Figure 11. 
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Figure 11 Most common mooring configurations used for offshore structures. 
Courtesy of Reliability in a Sea of Risk (RiaSoR) project [43] 
In general, taut mooring systems need structures with very large 
floatability to keep the tension on mooring lines under all conditions 
and avoid them going slack, with the subsequent snap loads and the risk 
they imply. Nevertheless, the structure is kept in position in a very 
stable vertical position and the area used by the mooring system is 
significantly reduced, compared with catenary mooring systems. Non-
vertical taut mooring systems guarantee very stable horizontal positions 
but tend to enlarge the footprint. 
Mooring systems based on catenary lines require larger footprints, 
however, the structure is kept in position through lifted line sections 
from the seabed that are translated into horizontal forces on the 
fairleads. These mooring systems are not as exposed to snap loads as 
long as a significant weight is kept hanging from the fairlead. 
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It is very common to combine chain sections with synthetic ropes that 
rises the tension and add negligible weight to the line, especially 
relevant for increasing water depths. Therefore, chain sections are 
mostly used to be on the seabed and lifted to balance horizontal forces 
on the moored structure. This effect is commonly known as the 
geometric non-linear stiffness. 
Mooring systems based on catenary lines are usually subdivided into 
spread mooring systems, turret mooring systems or with a single line 
moored to CALM buoy, as represented in Figure 12, among others. 
General definitions for the three of them can be found in [44]: 
- Spread mooring systems are multi-point mooring systems that moor 
vessels to the seabed using multiple mooring lines. 
- Turret mooring systems consists of a turret assembly that is integrated 
into a vessel and permanently fixed to the seabed by means of a 
mooring system. The turret system contains a bearing system that 
allows the vessel to rotate around the fixed geostatic part of the turret, 
which is attached to the mooring system. 
- The single point mooring buoy consists of a buoy that is permanently 
moored to the seabed by means of multiple mooring lines. The buoy 
can contain a bearing system that allows a part of it to rotate around 
the moored geostatic part. 
  
Figure 12 Spread mooring system (left), turret mooring system (center) and CALM 
Buoy (right). Courtesy of American Petroleum Institute [45] 
All the above-mentioned systems can be analysed with the same 
numerical methods based on static, dynamic or hybrid approaches. The 
work here presented is focused on spread mooring systems based on 
catenary anchor lines. 
 
 
24 State of the Art 
 
2.3 Numerical Modeling Methods 
Floating WECs, unlike other offshore structures, are designed so that 
their response, excited by sea waves, is amplified. It implies mooring 
lines to be highly excited too and, therefore, a strong coupling between 
mooring line and structure dynamics can be expected. On one hand the 
tensions induced by structure dynamics are to be considered, since it 
may lead to significant costs of the mooring system. On the other hand, 
mooring line interaction with the power conversion system should be 
considered, especially when it is not an active part of the conversion 
system. The latter case is the most common situation, which all 
designers must face at the corresponding stage of development, 
sometimes realizing that the cost of the installation and the mooring 
components may be unexpectedly high. 
Mooring analysis should be carried out in accordance to the design 
stage of the technology. Several approaches have been proposed to 
analyze mooring systems in general, most of them based on either static 
or dynamic models, assuming the structure to be modelled through its 
rigid-body degrees of freedom (DOF). The most widespread approach 
is the lumped mass model, coupled to a floater modelled through the 
boundary element method (BEM), based on the potential flow theory. 
Nevertheless, early design stages require fast approaches, especially for 
fatigue assessments, that may provide acceptable estimates for many 
configurations, although not as accurate as the lumped mass. 
In this section the most widely used numerical modelling techniques for 
the wave resource, floating structures and for mooring lines are 
introduced. The models herein presented for floating structures are 
mainly based on the potential flow theory and the Morison forces.  
2.3.1 Resource Modelling 
The resource is the first step for design and modelling of any offshore 
structure. It sets the basis for power production as well as for extreme 
event stress on different components, derived from the corresponding 
motions. The wave numerical modelling is described very briefly in this 
section. Resources are described in different time scales, in the short 
term, i.e. time series of a sea state, and in the long term, through the 
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probability of occurrence of each sea state in a specific site. The latter 
corresponds to what is commonly known as the scatter diagram, what 
characterizes the wave resource of the corresponding site. 
2.3.1.1 Short term Waves. Wave Spectrum 
A sea state can be characterized through its spectral shape, that provides 
the energy distribution in frequency. Therefore, it can be modelled as a 
sum of several regular waves with its corresponding frequency, 
amplitude and phase. 
Regular waves are supposed to have a sinusoid profile and a plane wave 
front, as represented in Figure 13. 
 
Figure 13 Plane progressive regular wave propagation. Courtesy of Ø. A. A. 
HARALD and E. KROGSTAD [46] 
Where: 
- ℎ: water depth 
- 𝜂: Surface elevation 
- 𝜂𝑎: amplitude of Surface elevation 
- 𝜆: wavelength 
Therefore, the water surface elevation at a given point can be 
represented by: 
𝜂(𝑡) = 𝜂𝑎 · 𝑐𝑜𝑠(𝜔 · 𝑡 + 𝜑𝑥) 2.3.1   
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Alternatively, with the Euler formula it is expressed as: 
𝜂(𝑡) = 𝑅𝑒{𝜂 · 𝑒𝑖·(𝜔·𝑡+𝜑𝑥)} = 𝑅𝑒{?̂? · 𝑒𝑖·𝜔·𝑡} 2.3.2   
In case of gravity waves a relation is established between the frequency 
and wavelength, the so called dispersion relation [46]–[48]. It is 
defined as: 
𝜔2 = 𝑔 · 𝑘 · 𝑡𝑎𝑛ℎ(𝑘ℎ)   𝑤ℎ𝑒𝑟𝑒:    𝑘 =
2 · 𝜋
𝜆
 2.3.3   
The term (𝑘ℎ) represents the relation between the water depth and the 
wavelength. It indicates that waves of the same frequency will have 
larger wavelengths in deep waters than in shallow waters. Therefore, 







lower in shallow waters. 
It can then considered that [48]: 
- Deep waters: ℎ > 𝜆/2 
- Shallow waters: ℎ < 𝜆/20 
If wave velocity fields are resolved for a plane progressive wave, next 
equations are obtained for shallow 2.3.4 and deep waters 2.3.5 
respectively [48]. 
𝑢(𝑥, 𝑧, 𝑡) = 𝜂𝑎 · 𝜔 ·
𝑐𝑜𝑠ℎ(𝑘 · (ℎ + 𝑧))
𝑠𝑖𝑛ℎ(𝑘 · ℎ)
· 𝑠𝑖𝑛(𝜔 · 𝑡 − 𝑘 · 𝑥) 
𝑤(𝑥, 𝑧, 𝑡) = 𝜂𝑎 · 𝜔 ·
𝑠𝑖𝑛ℎ(𝑘 · (ℎ + 𝑧))
𝑠𝑖𝑛ℎ(𝑘 · ℎ)
· 𝑐𝑜𝑠(𝜔 · 𝑡 − 𝑘 · 𝑥) 
2.3.4   
𝑢(𝑥, 𝑧, 𝑡) = 𝜂𝑎 · 𝜔 · 𝑒
𝑘·𝑧 · 𝑠𝑖𝑛(𝜔 · 𝑡 − 𝑘 · 𝑥) 
𝑤(𝑥, 𝑧, 𝑡) = 𝜂𝑎 · 𝜔 · 𝑒
𝑘·𝑧 · 𝑐𝑜𝑠(𝜔 · 𝑡 − 𝑘 · 𝑥) 
2.3.5   
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Figure 14 Wave particle velocity profiles in shallow waters (left) and deep waters 
(right). Courtesy of Ø. A. A. HARALD and E. KROGSTAD [46] 
Water wave particle motions are circular in deep waters and become 
elliptical as they approach to shallower waters, as represented in Figure 
14. Therefore, the seabed influence on wave kinematics can be 
appreciated as the hyperbolic tangent in the dispersion relation is 
notably lower than the unity. 
The potential energy contained in a water column within a sea wave at 
a defined time is [46]: 
𝑑𝐸𝑝 = ∫ 𝜌 · 𝑔 · 𝑧 · 𝑑𝑉
𝑧=𝜂
𝑧=0
= 𝑑𝐴 · ∫ 𝜌 · 𝑔 · 𝑧 · 𝑑𝑧
𝑧=𝜂
𝑧=0
= 𝑑𝐴 · 𝜌 · 𝑔 ·
𝜂2
2
 2.3.6   
In regular waves the water surface elevation can be replaced by its 
harmonic expression. Then using its mean value (𝜂2̅̅ ̅ =
𝜂𝑎
2
) the potential 








 2.3.7   
The kinetic energy can be expressed in the same terms: 
 
 





· 𝜌 · (𝑢2 + 𝑣2 +𝑤2) · 𝑑𝑉
𝑧=𝜂
𝑧=−ℎ
 2.3.8   
The velocity components, for plane progressive waves and deep waters, 
can be replaced by: 
(𝑢2 + 𝑣2 +𝑤2) = (𝜂𝑎 · 𝜔 · 𝑒












· 𝜌 · (𝜂𝑎 · 𝜔)






· 𝜌 · (𝜂𝑎 · 𝜔)











2.3.10   
Applying the dispersion relation for deep waters the mean kinetic 








 2.3.11   
As it is shown the kinetic and potential energy contained in each regular 
wave take the same value, which are carried along with the wave as it 
travels. It can be assumed that real waves, made up of a sum of 
harmonic waves, are propagated making groups and the energy does so. 
Those groups are propagated with the group velocity, lower than the 
regular wave velocity, more precisely, using the dispersion relation in 













 2.3.12   
The energy contained in a wavelength per meter of wavefront is: 
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· 𝑐𝑔 · 𝑇 2.3.13   
Which, per unit of time, yields a wave power per meter of wavefront 
[46], which is called by different authors as energy transport, energy 
flux or power flux. 







] 2.3.14   
Real seas are never composed of pure regular waves, they are made up 
of several regular waves over a range of frequencies instead, as showed 
in equation 2.3.15. 




 2.3.15   
One can assume the wave surface elevation time series as described in 
the Figure 15. 
 
Figure 15 Wave surface elevation of a real sea 
The sampling period is ∆𝑡 and N is the number of samples recorded, 
therefore the total sampling time is: 
𝜏 = ∆𝑡 · 𝑁 2.3.16  
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The variance of the recorded signal, supposed to be of a zero-mean 
value, can be computed as: 
𝜎𝜂




















 2.3.17   



























2.3.18   





2 2.3.19   
Looking at the spectrum definition, the wave amplitude corresponding 
to each frequency component of the wave spectrum is defined in 
equation 2.3.20. Therefore, it enables building up time series of the 
wave elevation through the inverse fourier transform, applying random 
phases (𝜑𝑛) to each frequency component. 
?̂?𝑎𝑛 = √2 · 𝑆(𝜔𝑛) · ∆𝜔 · 𝑒
𝑖·𝜑𝑛 2.3.20   
The wave elevation is considered to be a Gaussian process and, 
consequently all wave heights within a sea state are Rayleigh 
distributed [48], [49] and as such can be statistically analysed. It also 
yields equivalent distribution of dynamics of offshore structures as long 
as models are linear or, to a lesser extent, linearized. A realistic wave 
spectrum is generally defined through its significant wave height (𝐻𝑠) 
and a characteristic period, mostly 𝑇𝑝 (peak period). There several 
theoretical sea states defined that model realistic seas, such as 
JONSWAP defined in equation 2.3.21 for 𝛾 = 3.3, Pierson-Moskowitz 
or the Bretschneider spectra. 
 
 






















2.3.21   
Taking the JONSWAP spectrum with 𝛾𝐴 = 1.522 it becomes the 
Bretschneider spectrum. The Bretschneider spectrum is also known as 
the Modified Two-Parameter Pierson-Moskowitz spectrum, whereas 
the original, one-parameter Pierson-Moskowitz spectrum is obtained 
with the Bretschneider spectrum assuming the peak period and 
significant wave height relation of 0.772 · 𝑇𝑝 = 3.86 · 𝐻𝑠 [48]. 
2.3.1.2 Long term Waves. Wave Climate 
A wave climate of any site can be characterized through the occurrence 
of irregular sea states of combined Hs and Tp. A two-dimensional 
representation is therefore needed. It is represented by means of the 
scatter diagram of sea states occurrence, as introduced in Figure 16. 
 
Figure 16 Occurrence matrix in the BIMEP area. Courtesy of BIMEP [50] 
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Good knowledge of the wave climate is recommended so that the load 
cases for design of different offshore structures are well defined 
avoiding technical risks and large oversizing of components. For a 
precise scatter diagram and statistical properties, it is recommended that 
at least 10 year of data are available [51]. In order to assess the power 
production of WECs the International Electrotechnical Commission 
(IEC) provides guidelines on how to group the measured sea states in a 
given location [52]. 
In addition to the wave climate, extreme statistics are very relevant for 
mooring design and analysis. The station keeping system must be able 
to withstand the expected extreme environmental conditions along the 
design life. The estimates of such conditions are carried out through 
extreme statistics that provide significant wave height and peak period 
combinations with the same probability of occurrence. Such 
combinations are defined through Hs and Tp contours with the same 
probability of occurrence, characterized by the return period. It 
indicates the period of time in which the Hs and Tp combinations would 
occur once in the site under analysis. In detailed designs several points 
of the corresponding contour are analysed and ideally a contour per 
direction for the same return period is desirable. The IEC also is 
working on providing guidelines about the design load cases for 
moorings of WECs [53] and for the more generic offshore industry 
DNV GL provides design guidelines for moorings [18] as well as the 
API [54] or BV [55]. Depending on the type of structure, 
standardization bodies recommend combinations of extreme sea states, 
current and wind, each with its corresponding return period. 
2.3.2 Wave Structure Interaction 
The interaction between waves and structures can be modelled via the 
linear potential flow method, extensively used within the offshore 
industry and is well described in [56] and [57]. It assumes inviscid and 
irrotational flow as well as small wave amplitudes compared to the 
wavelength, which leads to linearized kinematic and dynamic free 
surface boundary conditions. This is a good approximation as sea waves 
are dominated by inertia and gravity forces, especially for large 
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structures, with small Keulegan Carpenter (KC) numbers. However, 
this is not always the case, in more severe ocean conditions drag forces 
plays a more relevant role. Therefore, the linear potential flow is most 
times complemented with non-linear drag forces for intermediate KC 
numbers giving in general good results. Additionally, in high or 
extreme wave heights the full Morison equation is commonly used.  
The most common axis convention is to consider the XY plane on the 
surface water level (SWL) with the Z axis positive upwards, as 
represented in Figure 17. This convention has also been assumed in this 
thesis. 
 
Figure 17 Axis conventions assumed in this thesis 
2.3.2.1 Cummins equation 
This section is an introductory part to the equation of motion derived 
for floating structures interacting with sea waves [48]. Dynamics of 
floating bodies, activated by time varying sea wave loads, are governed 
by the so called Cummins Equation [58] which is derived below. 
Complex potential problems can be handled via the frequency 
dependent linear hydrodynamic coefficients [59], also introduced in 
this section. 
Any floating object is assumed to be a linear mechanical system with a 
translational (or rotational, here a one translational DOF model is 
derived for simplicity) velocity as input and the reaction force of the 
surrounding water as output. Assuming an impulsive displacement ∆𝛿 
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∆𝛿 = ?̇? · ∆𝑡 2.3.22 
During this displacement, water particles will start to move. Since linear 
potential flow is assumed, a velocity potential Θ, proportional to the 
velocity can be assumed: 
𝛩 = 𝛹 · ?̇? 2.3.23   
Where Ψ is the normalized velocity potential. 
The water particles are still moving after the impulsive displacement. 
As the system is assumed to be linear, motions of the fluid, described 
by the velocity potential, are proportional to the impulsive 
displacement: 
𝛩 = 𝜒(𝑥, 𝑦, 𝑧, 𝑡) · 𝛥𝛿 2.3.24  
Where 𝜒 is another normalized velocity potential. 
A general conclusion can be that the impulse influences the motion of 
the fluid during time intervals afterwards, therefore it can be said that 
the system has a form of memory. 
Any arbitrary motion of the floating structure can be represented as a 
succession of small impulsive displacements, so that the resulting total 
velocity potential Θ(𝑡), during the interval (𝑡𝑚, 𝑡𝑚 + Δt) becomes: 
𝛩(𝑡) = ?̇?𝑚 · 𝛹 +∑{𝜒(𝑡𝑚−𝑘 , 𝑡𝑚−𝑘 + 𝛥𝑡) · ?̇?𝑘 · 𝛥𝑡}
𝑚
𝑘=1
 2.3.25  
Where: 
- m: number of time steps 
- tm: 𝑡0 +𝑚 · 𝛥𝑡 
- tm-k: 𝑡0 + (𝑚 − 𝑘) · 𝛥𝑡 
- ?̇?𝑚: Velocity component during the time interval (𝑡𝑚, 𝑡𝑚 + 𝛥𝑡) 
- ?̇?𝑘: Velocity component during the time interval (𝑡𝑚−𝑘, 𝑡𝑚−𝑘 + 𝛥𝑡) 
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- 𝛹: Normalized velocity potential caused by a displacement during 
time interval (𝑡𝑚, 𝑡𝑚 + 𝛥𝑡) 
- 𝜒: Normalized velocity potential caused by a displacement during 
time interval (𝑡𝑚−𝑘, 𝑡𝑚−𝑘 + 𝛥𝑡) 
Letting Δt go to zero yields: 
𝛩(𝑡) = ?̇?(𝑡) · 𝛹 + ∫ 𝜒(𝑡 − 𝜏) · ?̇?(𝜏) · 𝑑𝜏
𝑡
−∞
 2.3.26  
In which ?̇?(𝜏) is the velocity component of the body at time 𝜏. 
The pressure in the fluid follows from the linearized Bernoulli equation: 
𝑝 = −𝜌 ·
𝜕𝛩
𝜕𝑡
 2.3.27  
An integration of the pressures over the wetted surface, S, yields the 
expression for the hydrodynamic reaction force, 𝐹ℎ: 





· 𝑛 · 𝑑𝑆
𝑆
= 𝜌∬ 𝛹 ·
𝜕?̇?(𝑡)
𝜕𝑡
· 𝑛 · 𝑑𝑆
𝑆
+ 𝜌∬








Organising previous expression: 
𝐹ℎ = 𝜌∬ 𝛹 · 𝑛 · 𝑑𝑆
𝑆
· ?̈?(𝑡) + ∫ {𝜌∬
𝜕𝜒(𝑡 − 𝜏)
𝜕𝑡
· 𝑛 · 𝑑𝑆
𝑆
} · ?̇?(𝜏) · 𝑑𝜏
𝑡
−∞
 2.3.29  
Defining: 
𝐴 = 𝜌∬ 𝛹 · 𝑛 · 𝑑𝑆
𝑆
  ;   𝐵(𝑡) = 𝜌∬
𝜕𝜒(𝑡 − 𝜏)
𝜕𝑡
· 𝑛 · 𝑑𝑆
𝑆
 2.3.30  
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The hydrodynamic force becomes: 
𝐹ℎ = 𝐴 · ?̈?(𝑡) + ∫ 𝐵(𝑡 − 𝜏) · ?̇?(𝜏) · 𝑑𝜏
𝑡
−∞
 2.3.31   
The radiation force in equation 2.3.31 along with a linear restoring 
spring term (hydrostatic) and a wave excitation load, 𝐹𝑤(𝑡) in the 
Newton's second law, yields the linear equation of motion in the time 
domain (TD), which is often referred to as Cummins Equation in honor 
of his work [58]. 
𝐹𝑤 − 𝐹ℎ − 𝐹𝑟𝑖𝑔 = 𝑀 · ?̈?(𝑡) 2.3.32  
(𝑀 + 𝐴) · ?̈?(𝑡) + ∫ 𝐵(𝑡 − 𝜏) · ?̇?(𝜏) · 𝑑𝜏
𝑡
−∞
+ 𝐾 · 𝛿(𝑡) = 𝐹𝑤(𝑡) 2.3.33  
The velocity potentials, Ψ and χ, have to be found to determine A and 
B coefficients. The most common approaches to find A and B can be 
found in [59]. It consists in using the hydrodynamic mass and damping 
data determined using existing frequency domain computer programs 
based on potential theory, such as Nemoh [60], WAMIT [61] and 
AQWA [62]. 
Wave excitation forces can also be computed with the mentioned 
commercial codes, which compute the force on floating bodies due to 
the incoming waves (Froude Krylov forces) and to the diffraction 
induced by the body (diffraction forces) in the frequency domain, as 
described in [56] and [47]. As common commercial codes consider 
linear wave theory, forces are given per unit amplitude of the 
corresponding regular wave in case of the excitation force and motion 
for the radiation force. 
Any floating object, subject to regular waves, can be assumed to carry 
out a harmonic oscillation, in stationary conditions, that for a unit 
amplitude are:  
𝛿(𝑡) = 1 · 𝑐𝑜𝑠(𝜔 · 𝑡) ;   ?̇?(𝑡) = −1 · 𝜔 · 𝑠𝑖𝑛(𝜔 · 𝑡) ;   ?̈?(𝑡)
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Substitution of the harmonic motions into the Cummins equation 
yields: 




· 𝑐𝑜𝑠 (𝜔 · 𝑡)) · ?̂?(𝜔) = 𝐹𝑤(𝑡) 
2.3.35  
And reorganising: 
−𝜔2 · {𝑀 + 𝐴 −
1
𝜔
· ∫ 𝐵(𝜏) · 𝑠𝑖𝑛(𝜔 · 𝜏) · 𝑑𝜏
∞
0
} · 𝑐𝑜𝑠(𝜔 · 𝜏) − 𝜔
· {∫ 𝐵(𝜏) · 𝑐𝑜𝑠(𝜔 · 𝜏) · 𝑑𝜏
∞
0
} · 𝑠𝑖𝑛(𝜔 · 𝜏) + 𝐾 · 𝑐𝑜𝑠 (𝜔 · 𝑡)
= 𝐹𝑤(𝑡) 
2.3.36   
A comparison of the classical frequency domain description of motions 
with the previous equation establishes the equivalency of the so called 
Added Mass (A) and Radiation Damping (B) coefficients in the 
frequency domain and in the time domain: 
𝐴(𝜔) = 𝐴 −
1
𝜔
· ∫ 𝐵(𝜏) · 𝑠𝑖𝑛(𝜔 · 𝜏) · 𝑑𝜏
∞
0
   ;    𝐵(𝜔) = ∫ 𝐵(𝜏) · 𝑐𝑜𝑠(𝜔 · 𝜏) · 𝑑𝜏
∞
0
 2.3.37   
Main characteristics of the radiation force coefficients are: 
- Added Mass: For zero frequency takes a non-zero value and as the 
frequency approaches to large values the added mass tend to a 
constant value,  𝐴(∞) 
- Radiation Damping: It is zero for zero frequency and tends to zero for 
large frequencies. 
Both can exhibit peaks at discrete frequencies, which do not have any 
physical sense. Those frequencies appear in commercial packages when 
a double result is found for a defined frequency [61]. 
An inverse Fourier transform can be used to isolate the desired function 
𝐵(𝜏). The coefficient A can be directly evaluated with a bit of algebra. 
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The Radiation Impulse Response Function (RIRF) and the mass term 








𝐴(𝜏) = 𝐴(𝜔) +
1
𝜔





This expression is valid for any value of omega, thus evaluating at 𝜔 =
∞ provides: 
𝐴 = 𝐴(∞) 2.3.39  
An example of the RIRF, of a heaving degree of freedom, is shown in 
Figure 18. 
 
Figure 18 Radiation Impulse Response Function example in heave 
The convolution term implies the integration from −∞ to the present 
time step t. That makes the problem hard to be handled in a practical 
way. Fortunately, RIRFs decay to zero along the time enabling the 
cutoff of the function after a sensible time lag. It is recommended to 
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In the degrees of freedom in which a hydrostatic restoring coefficient 
applies, K, it can be easily determined from the waterplane area, 
geometry and, when rotations in pitch and roll are involved, the center 
of gravity (COG) with respect to the buoyancy centre of the floating 
object. It has only influence on DOFs that have vertical components as 
heave, pitch and roll while there are no hydrostatic terms in sway, surge 
and yaw. Therefore, the hydrostatic stiffness matrix can be expressed 

























 2.3.40  
It is then necessary to add to the structure a mechanism to implement a 
stiffness matrix to ensure its horizontal position is kept within certain 
limits. That is the main function of the mooring system as will be 
explained in section 2.3.3. 
When solving the equation of motion of a floating structure the required 
information must be known beforehand so that the appropriate degrees 
of freedom of the system are considered. The longitudinal motions are, 
as described in Figure 17, surge, sway and heave while the rotational 
ones are roll, pitch and yaw along and about X, Y and Z axis 
respectively [47] [56]. 
Therefore, the solution of the floater either in the time or in the 
frequency domain may consider only the most relevant degrees of 
freedom of the floating structure in order to represent the parameters of 
interest, e.g. motions, power production or loads on components. 
Additionally, other degrees of freedom such as articulations between 
bodies may be considered which is carried out through kinematic 
restriction, to be introduced in section 2.3.4. 
The Cummins equation expressed in the frequency domain for a one 
DOF system is composed of a mass, damping and a restoring 
coefficient terms, as shown in equation 2.3.41. 
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(−𝜔2 · (𝑀 + 𝐴(𝜔)) + 𝑖 · 𝜔 · 𝐵(𝜔) + 𝐾ℎ) · ?̂?(𝜔) = ?̂?𝑤(𝜔) 2.3.41   
Where: 
- 𝑀: The body mass, or moment of inertia in rotational degrees of 
freedom 
- 𝐴(𝜔): The so-called added mass, frequency dependent 
- 𝐵(𝜔): The radiation damping, frequency dependent 
- 𝐾ℎ: The hydrostatic restoring term 
- 𝐹𝑤(𝜔): Wave excitation force. Froude-Krylov and Diffraction force 
per unit wave amplitude 
- 𝛿̂(𝜔): The complex amplitude of the response of the DOF in the 
frequency 𝜔 
As long as waves are assumed linear and with unit amplitude as in 
equation 2.3.41, the FD solution 𝛿̂(𝜔) represents the Response 
Amplitude Operator (RAO), equivalent to the dynamic amplification 
factor for generic mechanical systems. The difference between both 
operators consists in expressing the amplification per unit wave 
amplitude in the former and per unit force amplitude in the latter. 
RAO functions are applied as transfer functions when solving 
mechanical systems under the influence of irregular waves, or real sea 
sates, as long as the system can be assumed linear, as expressed in 
equation 2.3.42. 
𝑆𝛿(𝜔) = |𝑅𝐴𝑂(𝜔)|
2 · 𝑆𝜏(𝜔) · 𝑑𝜔 2.3.42  
Resolution of time domain models is only worth when non-linear terms 
are included such as control, viscous drag or mooring forces among 
others. However, before adding any non-linear term, the linear equation 
of motion, the Cummins equation 2.3.33, needs to be solved. It implies 
the computation of the convolution term at every time step, that can be 
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- Direct integration: It is usually applied the Runge-Kutta of fourth 
global order (RK4) or the trapezoidal method, which may not be as 
stable as the RK4 being computationally less time consuming. It 
consists in recording a time window of the velocity history and using 
the inversed RIRF (see Figure 19) as a filter to get the corresponding 
convolution term. Implicit methods for integration of ordinary 
differential equations may also be used such as the Wilson-ϴ, 
Newmark or the Generalized-alpha methods, especially for stiff 
systems such as e.g. floating structure coupled with a discretized 
mooring system. 
  
Figure 19 Inversed Radiation Impulse Response Function for direct integration of 
the convolution term 
- Prony method: This method, suggested by [63], is an state space 
model which consists in approximating the RIRF as a sum of complex 
exponential functions, as showed in equation 2.3.43. The convolution 
integral term in the equation of motion 2.3.33 is replaced by a state 
space model, which represents how the force attributed to each of the 
exponentials is progressing along the time. 
𝐵(𝑡) ≈∑𝛼𝑖 · 𝑒𝑥𝑝(𝛽𝑖 · 𝑡)
𝑁
𝑖=1
 2.3.43   
- Frequency Domain Identification method: This method was suggested 
by [64], it approximates the radiation coefficients in frequency 
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through a parametric function made up of two polynomials by means 
of least squares. A state space model is also built based on the 




  where 𝐾(𝑗𝜔) = 𝐵(𝜔) − 𝑗𝜔 · [𝐴(𝜔) − 𝐴(∞)] 2.3.44  
Any of the previous methods require the computation of the frequency 
domain radiation damping and added mass for all DOFs considered in 
the model. Depending on the body geometry and position of the center 
of gravity, strong coupling may exist between degrees of freedom and 
most of them might need to be included in the model, depending on the 
excitation force direction. It makes the number of RIRFs to increase 
significantly and, consequently, the number of convolution integrals to 
be computed. Even though state space models are efficient methods to 
compute the convolution and ease the implementation of variable time 
step integration methods, a trade off solution must be sought for various 
DOF models since the number of states may be dramatically increased 
with state space models. 
2.3.2.2 Morison equation on slender elements 
The Morison equation represents the hydrodynamic force on a 
submerged body, commonly applied for water particle force estimates 
on slender cylinders. It is computed as the superposition of a linear 
inertia force and a quadratic viscous drag force, as represented in 
equation 2.3.45. 
𝐹ℎ𝑦𝑑(𝑡) = (1 + 𝐶𝑎) · 𝜌𝑤 · 𝑉 · ?̇?(𝑡) − 𝐶𝑎 · 𝜌𝑤 · 𝑉 · ?̈?(𝑡) + 0.5 · 𝜌𝑤 · 𝐶𝑑 · 𝐷 · 𝐿𝑛
· |𝑢(𝑡) − ?̇?(𝑡)| · (𝑢(𝑡) − ?̇?(𝑡)) 
2.3.45  
Where:  
- ?̇?(𝑡) 𝑎𝑛𝑑 𝑢(𝑡): Local acceleration and velocity of fluid particles at 
each element section 
- δ̈(𝑡) 𝑎𝑛𝑑 δ̇: Local acceleration and velocity of each element section 
- 𝑉: Volume of the corresponding section 
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- 𝐷: Diameter of the corresponding section 
- 𝐿𝑛: Length of the corresponding section 
- 𝐶𝑎: Added mass coefficient 
- 𝐶𝑑: Viscous drag coefficient 
It can be applied either to a fixed structure subject to waves and/or 
current, to a moving structure in waves and current or even to a moving 
structure in still water. It is applicable for a whole structure or at 
component level when it can be considered small compared with the 
wavelength (𝜆 > 5𝐷) [51]. Therefore, it is commonly applied to 
compute forces on fixed jackets for offshore wind turbines, braces on 
large volume floating structures or on mooring lines and umbilical 
cables, necessary for floating offshore renewable technologies. 
2.3.2.3 Relevant non-dimensional numbers 
The most relevant non-dimensional numbers in floating structures 
subject to sea waves are the Froude (Fr), Reynolds (Re) and KC 
numbers [48]. These number are used to represent wave motion regimes 
depending on the dominant effects. Froude number similitude is mostly 
used to organize tank testing campaigns in offshore structures since 
loads are inertia driven. Reynolds number similitude is usually used 
when loads are dominated by viscous forces, which occurs in very 
specific and sometimes localized conditions. 
- Froude number represents the relation between inertia and gravity 
water forces, showed in equation 2.3.46. Therefore, it represents the 
scaling of wave forces, gravity driven, on large volume structures as 




 2.3.46   
- Reynolds number represents the relation between inertia and viscous 
water forces, that can be expressed as in equation 2.3.47. Floating 
structures may be designed according to scale tests carried out 
following the Froude number and it must be considered the different 
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time scales between the Reynolds and Froude numbers. In small scale 
tests viscous forces have a larger influence than the corresponding 





 2.3.47   
- Keulegan Carpenter number shows the dimensional relation between 
the wave amplitude and the main dimension of the structure, 
represented in equation 2.3.48. It is a very useful number to decide 
how to model wave and current exerted forces on the structure [48]. 
For KC<3, the inertia force is dominant, linear potential flow theory 
is still applicable and viscous drag forces can simply be neglected. 
When 3<KC<15, drag forces start being relevant and can be added in 
a linearized form, still maintaining frequency domain solutions under 
acceptable accuracy limits. Within the range of 15<KC<45 the full 
Morison equation with the corresponding nonlinear drag and inertia 
terms cannot be avoided. And for KC>45 the drag force is dominant, 




 2.3.48   
2.3.3 Catenary Mooring Systems 
As with other mechanical systems, catenary lines can be assumed to 
have a static or a dynamic behavior, depending on the excitation 
frequency. Mooring lines are mostly excited by the motions of their 
fairleads, that depend on the motions of the floating structure. Both 
methods for static and dynamic lines are used for the analysis of 
offshore structures and are here included as state of the art, that will be 
subsequently assessed in Chapter 4. The static catenaries are modelled 
through the catenary equations for elastic lines whilst dynamic 
catenaries are analyzed through the lumped mass method, both 
introduced in this section. 
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2.3.3.1 Static Catenary Mooring Lines 
A widespread numerical model to represent static mooring systems is 
based on the catenary equation, i.e. considering lines as static 
catenaries. It considers both lines axial stiffness and gravity forces. It is 
a good approximation when dealing with stationary forces and, as 
recommended by some offshore standards, e.g. [65], within certain 
depth ranges and with time varying environmental loads, especially in 
the low frequency range as suggested by [66]. In real working 
conditions, motions of any floating structure will be dynamically 
affected by the first order wave loads and slowly varying wave drift 
loads, exciting line dynamics of the mooring system. Those scenarios 
cannot be avoided in any detailed design. However, in preliminary 
design stages fast computations are valuable so that multiple options 
are considered, and sensitivity analyses can be performed. 
The catenary equation is derived, for a single elastic line, as described 



























· 𝑙𝑠)) 2.3.50  
To account for the portion of the line laying on the seabed it is to be 
fulfilled the expression: 
𝑋 = (𝑙 − 𝑙𝑠) · (1 +
𝑇ℎ
𝐴𝐸
) + 𝑥 2.3.51   
Where: 
- Th: Horizontal component of line tension 
- x: horizontal coordinate of fairlead with respect to the contact point of 
line with the seabed. It accounts for the floater position 
(𝛿1, 𝛿2 𝑎𝑛𝑑 𝛿3) and the fairleads on the structure 
- h: water depth 
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- A: cross-sectional area of line 
- 𝐸: Young’s modulus of elasticity of lines’ material 
- w: submerged line weight per unit length 
- X: Horizontal distance from anchor point to the fairlead 
- ls: suspended line length 
Once the tension of each line is computed, the force of the whole 
mooring system on the floating structure is defined in equations 2.3.52 
for each DOF of the structure. 
 
𝐹1





























2.3.52   
Where the angles 𝜓𝑖 are the angles of each line i in the horizontal plane 
XY as specified in Figure 20, while 𝛿4 and 𝛿5 are roll and pitch angles 
respectively of the moored structure. 
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Figure 20 Schematic of a top view of a floating structure with four mooring lines. 
Lines, lines tensions and forces in the plane of the surface water level have been 
pointed out. 
2.3.3.2 Dynamic Catenary mooring lines 
To account for mooring lines’, drag and inertia loads all lines must be 
discretized and modelled as series of finite elements. One alternative is 
to use lumped masses, simplifying mass and stiffness matrix 
computations. These models, solved in the time domain, represent 
accurately lines’ motions and tensions and are very appropriate for 
detailed stages when considering deployments in real environments. 
Several studies have been carried out to assess the accuracy of the 
lumped mass method coupled to a floating WEC, such as [5], [17], [67] 
as detailed in section 1.2, in addition, a review of the main findings in 
that field is summarized in [68]. Also, lumped mass models coupled to 
a floating structure, both analyzed with CFD codes, is introduced in 
[69] obtaining excellent results. 
The lumped mass method assumes mooring lines as interconnected 
point masses through massless stiffness and dampers representing lines’ 
structural properties and the hydrodynamic loads modelled with the 
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bodies, both the moored structure and all lumped masses to be 
integrated in time is the global origin G (0,0,0), as represented in Figure 
21. Each point mass representing the mooring system consists of 3 
degrees of freedom, all translational in each of the global directions X, 
Y and Z. The mechanical system defined by each mooring line can be 
summarized as in equation 2.3.53, this approach is available in several 
commercial software packages such as Orcaflex [13] or Sesam [11] and 
was initially introduced by [1]. 
[𝑀] · {?̈?(𝑡)} = {𝐹(𝑡)} = {𝐹𝑛(𝑡) + 𝐹𝑧(𝑡) + 𝐹𝑓(𝑡) + 𝐹𝑔 + 𝐹𝑏 + 𝐹ℎ𝑦𝑑(𝑡)} 2.3.53  
Where: 
- 𝐹𝑛(𝑡): Structural stiffness and damping force in node n 
- 𝐹𝑧(𝑡): Seabed vertical reaction force 
- 𝐹𝑓(𝑡): Seabed horizontal friction force 
- 𝐹𝑔: Gravity force 
- 𝐹𝑏: Buoyancy force 
- 𝐹ℎ𝑦𝑑(𝑡): Hydrodynamic Morison force 
The massless springs and dampers, connecting the lumped masses, 
represent axial structural properties of lines. Stiffness and damping 























} 2.3.55  
 
 






























] 2.3.57  
Where: 
- subscript: node n in which force F is applied 
- superscript: node to which the force F connects sub-index node 
- 𝐶: Damping matrix 
- 𝑅: Rotation matrix from local to global coordinates 
- 𝐸: Young elasticity modulus of line material 
- 𝐴: Cross sectional area of the line 
- 𝛽: Rayleigh coefficient for structural damping estimation 
- 𝐿: Deformed section length 
- 𝐿0: Undeformed section length 
- 𝐼3: Identity matrix of dimension 3 
Stiffness and damping matrices account for axial forces and therefore a 
coordinate system rotation is to be done. Whilst the way the stiffness 
matrix is defined rotations are not necessary, damping matrix and 
Morison forces do require to compute rotations to obtain correct 
updates of such forces along the integration time steps. To avoid angle 
determination with sine and cosine computations, use of quaternions 













] 2.3.58   
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Where: 
- 𝜃: Angle of rotation between initial and final position 
- 𝑎: Vector defining the rotation axis 
The vector defining the rotation between local and global vectors is a 
perpendicular vector to the plane defined by the local (𝑥1𝐿) and global 
(𝛿𝑛+1 − 𝛿𝑛) vectors. The local coordinate system is supposed to be 
located with the x coordinate aligned with the axis connecting both 
nodes and positive from the seabed to the structure, as represented in 
Figure 20. 
Internal forces are computed for every section of all lines as showed in 
equations 2.3.54 to 2.3.57. Having defined lines through their three 
translational DOFs the mass matrix is diagonal, whose values account 
for adjacent half-length masses. The boundary conditions of the 
mooring lines are defined by the kinematic relations, as represented in 
equations 3.4.2 and 3.4.3. 
Through the axial properties of the material, lines geometry and the 
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Figure 21 Mooring line schematic representation. Last four nodes and the fairlead 
with local and global coordinates (top) and first five nodes and the anchor 
(bottom). The kinematic constraints to maintain the anchor and fairleads are 
represented with blue triangles 
Vertical seabed forces are computed as vertical stiffness and damping 
forces on the nodes at the seabed. Depending on seabed stiffness, nodes 
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Vertical force is defined as a 1 DOF system in which the critical 
damping and natural frequency are settings of the numerical model as 
represented by equation 2.3.59. 
𝐹𝑧(𝑡) = 𝑚𝑛 · (?̈?𝑧(𝑡) + 2𝜉𝑣𝜔𝑣?̇?𝑧(𝑡) + 𝜔𝑣
2𝛿𝑧(𝑡)) 2.3.59   
Where: 
- 𝜔𝑣: Vertical natural frequency of seabed nodes 
- 𝜉𝑣: vertical critical damping of seabed nodes 
- 𝛿𝑧: Vertical motion of each node on the seabed 
- 𝑚𝑛: Nodal mass of the n
th node 
Seabed friction model is implemented through a comparison of 
horizontal force on the nth node and the corresponding friction force. 
The force is applied through a damping coefficient, linear up to the total 
friction force, and kept constant for large velocities, as represented in 
Figure 22. 
 
Figure 22 Friction force model 
External forces applied on mooring line sections are gravity (Fg), 
buoyancy (Fb) and hydrodynamic (Fhyd) loads. Gravity force is a 
constant vertical force due to the gravity acceleration over the length 
assigned to each node.  
 
 








} 2.3.60   
Buoyancy force is considered as opposed to the gravity force due to the 
weight of the water volume displaced (𝑉) by the corresponding line 





𝑉 · 𝜌𝑤 · 𝑔
} 2.3.61   
Hydrodynamic forces on line sections have been accounted for through 
the Morison equation [71], introduced in section 2.3.2.2 and defined in 
equation 2.3.45 for slender bodies submerged in water. A Morison 
hydrodynamic force is considered in each degree of freedom of each 
mass of the mooring lines, considering its velocities and accelerations. 
However, the velocities required in equation 2.3.2.2 are referred to the 
local coordinate system, in the radial and axial directions. Therefore, 
fluid velocities at node positions are to be rotated to local coordinates 
so that the hydrodynamic force can be computed and rotated back into 
global coordinates. For the computation of such fluid velocities, 
transfer functions have been computed for each degree of freedom at 
each node position, assuming the deep waters. It allows water particle 
dynamics to be referred to wave elevation at the global coordinate 
origin. 
The added mass term in equation 2.3.2.2 computed as two independent 
forces, an excitation force and a linear mass matrix as represented by 
the first two terms of the right-hand side of equation 2.3.2.2 Unlike the 
mass term, the drag term is inherently nonlinear and needs to be 
computed as an independent external force every time step. In practical 
terms, updating water particle dynamics every time step can be too time 
consuming and a sensible time period, of e.g. a few seconds, can be 
used to update the water particle velocities in section 2.3.2.2 without 
significant changes in the results. 
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2.3.4 Kinematic Relations 
In this section the application of kinematic restrictions methods [72] to 
floating structures are discussed. Initially, the computation of the 
relations is introduced so that it can be solved either in the time domain 
or in the frequency domain. It is applicable to either relations between 
DOFs of several floating structures, e.g. a WEC, or to any attachment 
of a mooring line to its corresponding fairlead and anchor, on the 
moored structure and the seabed respectively. On the one hand it allows 
the numerical models of the floating structure and the mooring to be 
solved fully coupled, avoiding intermediate iterations between models. 
On the other hand, it is not required to know the generalized modes of 
specific floating WECs in advance to obtain the hydrodynamic 
coefficients. The radiation and diffraction problems can be solved with 
the floating structures of the WEC without any relation and, then, add 
the kinematic relations in the mechanical system to be solved. 
A widespread approach to set kinematic restrictions are the Lagrange 











} = {𝑄(𝑡)} 2.3.62   
Where 𝜖 are the independent coordinates of the mechanical system, T 
is the kinetic energy and Q are the generalized forces on those 
independent coordinates. 
Expressing kinematics as function of the independent coordinates and 
calculating the generalized forces is not straight forward. Therefore, it 
is customary to approach the problem through dependent coordinates 
so that, even though the number of degrees of freedom will be higher, 












𝑡 · 𝜆(𝑡)} = {𝐹(𝑡)} 2.3.63   
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The third term in the left-hand side represents forces to fulfil the 
imposed restrictions between dependent variables 𝛿. 







· [𝑀] · {?̇?(𝑡)} 2.3.64   
[𝑀] · {?̈?(𝑡)} + [𝛷𝛿]
𝑡 · {𝜆(𝑡)} = {𝐹(𝑡)} 2.3.65   
The model above represents n equations since it is the number of 
variables. However, the number of unknown variables is n+m as m is 
the number of included restrictions through the Lagrange Multipliers 
(𝜆(𝑡)) with the aim of fulfilling the restrictions of the mechanical 
system. Therefore, these restrictions must be solved and so the second 
set of equations in 2.3.66.  
[𝑀] · {?̈?(𝑡)} + [𝛷𝛿]
𝑡 · {𝜆(𝑡)} = {𝐹(𝑡)} 
{𝛷(𝑡)} = {0} 
2.3.66   
In 2.3.66 the first set of equations are n ordinary differential equations 
(ODEs) and the second are m differential algebraic equations (DAEs). 
Most solvers available nowadays are for systems of ODEs instead of 
for systems of mixed ODEs and DAEs. Therefore, there are methods to 
convert the system in 2.3.66 into just a system of ODEs. Some of the 
methods to carry out this task are the Stabilized Lagrange, R Matrix or 
Penalty Method [72]. Since the penalty method does not add additional 
DOFs to the system, in the present thesis the penalty method has been 
implemented. It has been used to set restrictions between floating 
bodies as well as fairlead and anchor points of dynamic mooring lines. 
The Lagrange multipliers, represented by 𝜆, represent the forces 
between degrees of freedom of the system to maintain the imposed 
restrictions. This method allows the system of equations in 2.3.66 to be 
directly transformed into a system of ODEs without the algebraic 
equations. The penalty method consists in setting the magnitude of 
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these forces proportional to the violation of the imposed restrictions. In 
equation 2.3.67 α is the penalty coefficient which is usually necessary 
to be adjusted. Other parameters in equation 2.3.67 take usually values 
of 𝜉 = 1 and 𝜔 = 10, and these vales have been used in this thesis. This 
represents a very rigid and fast decaying connection with a large inertia 
between DOFs of the system. However, too high values of the penalizer 
should be avoided not to generate bad conditioned systems of equations. 
Introducing the restriction equation into the equation of motion, 
equation 2.3.68 is derived. 
{𝜆(𝑡)} = 𝛼 · ({?̈?(𝑡)} + 2𝜉𝜔{?̇?(𝑡)} + 𝜔2{𝛷(𝑡)}) 2.3.67   
  [𝑀] · {?̈?(𝑡)} + [𝛷𝛿]
𝑡 · 𝛼 · ({?̈?(𝑡)} + 2𝜉𝜔{?̇?(𝑡)} + 𝜔2{𝛷(𝑡)}) = {𝐹(𝑡)} 2.3.68   
Where the vector {𝛷(𝑡)} represents restrictions between dependent 
variables, and [𝛷𝛿] is the derivative of {𝛷(𝑡)} with respect to dependent 
variables, represented in equation 2.3.69 along with the time derivatives 


























· ?̇?(𝑡)} = [𝛷𝛿] · {?̇?(𝑡)} 
{?̈?(𝑡)} = [?̇?𝛿] · {?̇?(𝑡)} + [𝛷𝛿] · {?̈?(𝑡)} 
2.3.69   
The definitive mechanical system to be solved with dependent 
coordinates and the corresponding restrictions applying the penalty 
method is then as represented in equation 2.3.70. It will be used in 
sections 3.4 and 3.5 to solve wave interacting -multiple- bodies making 
up a mechanical system (a WEC composed of two diffracting bodies) 
as well as the fairleads and anchor restrictions of the mooring lines. 
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([𝑀] + 𝛼 · [𝛷𝛿]
𝑡 · [𝛷𝛿]) · {?̈?(𝑡)} + 𝛼 · [𝛷𝛿]
𝑡
· ([?̇?𝛿] · {?̇?(𝑡)} + 2𝜉𝜔[𝛷𝛿] · {?̇?(𝑡)} + 𝜔
2{𝛷(𝑡)}) = {𝐹(𝑡)} 
2.3.70   
This method can be reduced to a set of mass, damping and stiffness 
matrices in cases with linear restrictions, enabling the resolution of the 
mechanical system both in time and frequency domains. 
2.4 Chapter Summary 
It has been referenced the untapped potential for Wave Power 
Conversion worldwide, estimated of the same order of the world power 
consumption. 
The current state of technology development denotes that a variety of 
device types are being considered. In addition, a large effort in R&D 
and engineering projects is being carried out, having several full-scale 
deployments carried out so far. 
The linear potential flow method along with the Morison equation have 
been identified as a suitable and widely used numerical modelling 
techniques for dynamics of floating structures. 
The catenary equations and the lumped mass method are introduced and 
described as the most suitable means to describe static and dynamic 
catenary mooring systems respectively. 
Numerical methods to set restrictions between degrees of freedom of 
mechanical systems, widely used in analysis of mechanisms, have been 
described. Its main purpose in this thesis has been to couple floating 
body dynamics as well as dynamic mooring lines ends on the seabed 
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Chapter 3 
Development of Numerical Models for 
Moored Offshore Floating Energy 
Systems 
3.1 Introduction 
Numerical models introduced so far in the state-of-the-art chapter 
consider loads and motions of either the floater or the mooring lines. 
During the design of any moored floating structure, it is generally 
recommended, as a first step, to assess the influence of the mooring 
system on the structure through a single linearized stiffness term and, 
afterwards, assess mooring line loads imposing the resulting structure 
motions to a dynamic mooring system. Once suitable designs have been 
found a fully coupled dynamic analysis is recommended. This process 
may lead to endless design loops, especially in early stages, when the 
number of variables is significant and the initial LCOE estimates of the 
whole system is to be reduced as much as possible. 
In order to ease the design process at different development stages, all 
the identified models, based on the methods introduced in section 2.3, 
have been considered, combining floating structure and mooring 
models. This chapter introduces the numerical tools developed in this 
thesis to consider floater and mooring lines coupled. Four numerical 
tools of increasing complexity have been developed in order to enable 
a comparison in terms of accuracy of loads and motion estimates. 
All the developed tools consider the floater as a dynamic mechanical 
system, whilst the main difference lies in considering the mooring 
 
 
60 Development of Numerical Models for Moored 
Offshore Floating Energy Systems 
 
system as a static or a dynamic system, proposing several contributions 
with respect to the identified state of the art. 
A methodology to characterize horizontal restoring properties of 
catenary mooring systems is initially proposed, gathering also lines 
tension and required lengths. It allows estimating line tensions as well 
as the required material and seabed footprints with the most simplistic 
approach. A coupling scheme is also proposed for the most widely used 
approach, that assumes lines as dynamic non-linear systems and solved 
in the time domain. It is based on the method introduced in section 
2.3.4, which allows both mechanical systems to be solved in a single 
integrated numerical model. Finally, a fully linearized dynamic coupled 
model is proposed, that can be solved in the frequency domain. This 
technique overcomes the long simulations of dynamic moorings in the 
time domain yet considering mooring lines as dynamic systems. In 
addition, coupled modal analyses are enabled, providing the designer 
with invaluable information for the mooring system design.  
The last section of the chapter introduces the floating geometries 
considered in the subsequent chapters of this thesis, a spar type floating 
WEC and a cylindrical buoy. While the WEC is used to draw main 
conclusions of the analysis methods applied to such structures in the 
thesis, the cylindrical buoy has been used as a validation case study. It 
has been tank tested as a CALM buoy, whose data has been shared by 
Tecnalia R&I [73] and used as a validation case of the lumped mass 
coupled with a floating structure numerical tool, introduced in section 
3.4. 
3.2 Quasistatic Linearized Frequency Domain 
It consists in modelling mooring lines as a static mechanical system and 
the structure as a dynamic one, that is solved in the frequency domain 
(QSFD). It is introduced in [65] for traditional offshore structures, 
provided it is demonstrated that effects from anchor line dynamics are 
negligible. The catenary properties are computed with a tool developed 
as per equations 2.3.52.  The horizontal restoring force of the mooring 
system is linearized at the estimated mean position, based on steady 
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mean forces. The obtained horizontal stiffness is included in surge/sway 
motion and the equation of motion 2.3.41, accounting for the mooring 
horizontal stiffness, is solved in the frequency domain to obtain the 
response amplitude vector {δ̂a(ω)} subject to the wave force amplitude 
vector {F̂w(ω) · 𝜂a(ω)}, as showed in equation 3.2.1. Since the drag 
forces are also considered, the system is solved iteratively through 
either harmonic or statistical linearization. For regular or irregular 
waves respectively. 
[−𝜔2[𝑀 + 𝐴(𝜔) +𝑀𝑑𝑘𝑖𝑛] + 𝑖𝜔 [𝐵(𝜔) + 𝐵𝑑 (?̂?𝑎(𝜔)) + 𝐶𝑑𝑘𝑖𝑛 + 𝐶𝑝𝑡𝑜]
+ [𝐾ℎ + 𝐾𝑚 +𝐾𝑑𝑘𝑖𝑛]] · {?̂?𝑎(𝜔)} = {?̂?𝑤(𝜔) · 𝜂𝑎(𝜔)} 
3.2.1   
Where: 
- Bd (δ̂a(ω)): Linearized drag force 
- [Mdkin], [Cdkin], [Kdkin]: Mass, damping and stiffness from imposing 
kinematic relations between diffracting bodies, applying 2.3.70 with 
linear restrictions 
- [𝐾𝑚]: Linearized mooring stiffness 
Equation 3.2.1 is introduced assuming the modelled floating WEC is 
made up of several diffracting bodies, as will be presented in section 
3.6.1. Therefore, restriction forces arise, as per equation 2.3.70 that, as 
long as linear relations are set, can be reduced to the set of 
[Mdkin], [Cdkin] and [Kdkin] matrices. 
The resulting system is solved separately for wave frequency and low 
frequency motions. First order WF excitation forces are computed with 
wave amplitudes derived from the spectrum of the corresponding sea 
state (Sη(ω)). However, the low frequency forces (LF) are computed 
through the corresponding force amplitude of the slowly varying wave 
drift force spectrum, showed in equation 3.2.2, in the frequency domain, 
as introduced by Pinkster [74]. 
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· 𝑑𝜔 3.2.2   
Where: 
- 𝑆𝑆𝑉(𝜇): Slowly varying wave drift force spectrum 
- 𝑇(𝜔, 𝜔): Drift force quadratic transfer function 
The characteristic tension is computed from a combination of WF and 






𝛿𝑠𝑖𝑔 = 2 · 𝜎𝑥   𝑎𝑛𝑑   𝛿𝑚𝑎𝑥 = 𝜎𝑥 · √2 · 𝑙𝑛(𝑁)  
3.2.3    
𝑇𝑑_𝑄𝑆𝐹𝐷 = 𝑇(𝛿𝑚𝑒𝑎𝑛 + 𝛿𝑐ℎ𝑎𝑟) 3.2.4   
In 3.2.3 σx is the standard deviation in surge, N the number of 
oscillations during the duration of the environmental state and Td_𝑄𝑆𝐹𝐷 
the design tension with the QSFD approach. The corresponding line 
tension is provided by the catenary equations for the mooring system at 
the characteristic offset (δchar) added to the mean offset. 
In order to ease the computation of the static properties of the mooring 
system on the floating structure, each mooring configuration, namely 
number of lines and radial distribution, can be characterized in advance, 
independently of the floating structure. 
Several authors have already introduced a non-dimensional pretension 
to characterize catenary mooring systems such as [56] [75]. Here a non-
dimensional pretension of each line is defined as the ratio of the 
mooring line tension and its suspended weight in water, 𝑎0 =
𝑇0
𝑙𝑠·𝑤
. 𝑇0 is 
the line pretension, a parameter describing the tensional state of the 
mooring line in calm water, 𝑙𝑠 is the corresponding suspended line 
length and 𝑤 is the line weight per unit length. It is a measure of how 
taut a line is and, together with the relative stiffness, it can be considered 
also as a geometric factor. Looking at the elastic catenary equations, if 
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equation 2.3.49 is divided by 𝑙𝑠 and rearranging equations 2.3.49 and 



























) = 𝑐𝑜𝑠ℎ(𝑘1) 3.2.6   
It can be observed from equation 3.2.5 that, as long as the left-hand side 
is kept constant, then the constant k1 will be kept as well. In equation  
3.2.6 if the left-hand side is maintained, the constant k1 will be kept 
constant again. Therefore, any catenary line will be equivalent as long 
as the following relations, in left hand side of both equations 3.2.5 and 
03.2.6, are constant: 












In this thesis circular line sections have been considered, therefore a 
change in the line weight per unit longitude entails an equivalent change 
in the line elasticity. Consequently, the relative stiffness is kept itself as 
the material is assumed to be homogeneous along the line. 
The same procedure is applied for the whole mooring system restoring 
force and line tension, referring it to the properties of the most loaded 
line (𝑀𝐿𝐿). The mooring system static performance is characterized by 
the non-dimensional pretension of the most loaded line for a non-






 3.2.7   
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Its restoring force, at different offsets in a defined direction, is 







 3.2.8   
The information of the most loaded line can be summarized through the 
non-dimensional tension and the suspended scope for the same offsets 










 3.2.10   
It can be assumed that all lines within the mooring system are equal to 
the MLL, which can be a good enough approximation for preliminary 
assessments of mooring system performance and related cost. 
Therefore, with the system pretension, defined through 𝑎0, and its 
horizontal restoring force, line tensions and scope (𝑎, 𝑎𝑚𝑙𝑙 and 𝑠𝑚𝑙𝑙) a 
configuration is characterized for an axial stiffness and a direction at 
any water depth with any lines mass. The limitation in characterizing a 
mooring configuration in such a way lies in the fairleads when changing 
the water depth, which are horizontally scaled with it. It may not 
accurately represent the mooring static performance at water depths too 
large or small compared with that used to compute the reference data. 
3.3 Quasistatic Non-Linear Time Domain 
Solving the Cummins equation 2.3.33, accounting for all DOFs in the 3 
dimensional space, coupled with the catenary mooring force {Fm(t)} is 
proposed in [66], and has been assessed in many works, such as [2], [4]. 
It still assumes the mooring system as a static mechanical system and 
the floating structure as a dynamic one, that is solved in the time domain 
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(QSTD). However, the static (non-linear) properties can be included not 
only in surge but also in all other degrees of freedom. In addition, since 
the proposed model is solved in the time domain, a nonlinear viscous 
drag force vector {𝐹𝑑(𝑡)} in all degrees of freedom has been included 
in equation 3.3.1, as showed in the last term of the RHS of 2.3.45. The 
convolution term for the radiation damping has been solved through 
direct numerical integration as it is a system with at least six DOFs and, 
therefore, 36 convolution terms. This model is advantageous since it 
considers the quadratic drag force as well as non-linear geometric 
stiffness of the catenary lines of the mooring system and the influence 
of all degrees of freedom on mooring lines. However, it requires the 
catenary equations, as defined in 2.3.52 to be solved at every time step 
with its implicit iterative loop. 
[𝑀 + 𝐴∞ +𝑀𝑑𝑘𝑖𝑛] · {?̈?(𝑡)} + {∫ 𝐵(𝑡 − 𝜏) · ?̇?(𝜏) · 𝑑𝜏
𝑡
−∞
} + [𝐶𝑑𝑘𝑖𝑛 + 𝐶𝑝𝑡𝑜] · {?̇?(𝑡)}
+ [𝐾𝑑𝑘𝑖𝑛 +𝐾ℎ] · {𝛿(𝑡)} = {𝐹𝑤(𝑡)} + {𝐹𝑚(𝑡)} + {𝐹𝑑(𝑡)} 
3.3.1   
The term {Fd(t)} represents the viscous drag force on the structure, 
modelled for each degree of freedom as in equation 3.3.2. 
𝐹𝑑𝑖(𝑡) = −𝐶𝑖 · |?̇?𝑖(𝑡)| · ?̇?𝑖(𝑡) 3.3.2  
Where i denotes the degree of freedom and 𝐶𝑖 the corresponding drag 
force factor, which mainly depends on the structure geometry. 
In this approach the mooring system has been represented by the elastic 
catenary equations with zero touch-down angle. To represent all 
statistical properties of the LF motions at least 3 hour 5 simulations are 
suggested in [66]. The maximum line tension of each simulation 𝑇𝑘 is 
processed as represented with equations 3.3.3 and 3.3.4, where n refers 
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 3.3.3   
𝑇𝑑𝑄𝑆𝑇𝐷 = 𝑇𝜇 + 2 · 𝑇𝜎 3.3.4   
 
Where: 
- 𝑇𝜇: Mean line tension 
- 𝑇𝜎: Standard deviation of line tension maxima of the set of simulations 
3.4 Dynamic Non-Linear Time Domain 
In addition to the non-linear geometric stiffness of catenary lines, the 
most widely used approach to account for drag and inertia forces on 
lines is the FEM or lumped mass model coupled with the wave structure 
interaction model, a completely dynamic model solved in the time 
domain (DynTD). In this section a DynTD model has been built, in 
which the wave structure interaction model is based on the linear 
potential flow complemented with a Morison force term and dynamic 
moorings based on the lumped mass model. Both models are fully 
coupled through the use of kinematic relations as introduced in section 
2.3.4 so that kinematic restrictions are imposed on all fairleads and 
anchors of each mooring line. Even though this model is the most 
widely used due to its accuracy and availability in commercial codes, it 
can be too time consuming for sensitivity analyses of designs with 
several parameters. 
The resulting hydrodynamic and mooring coupled model can be 
summarized through a set of mass, damping and stiffness matrices 
together with a force vector as in equation 3.4.1: 
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𝑠𝑣(𝑡) + 𝐹𝑑(𝑡) − 𝐹𝑐𝑜𝑛𝑣(𝑡) − 𝐹𝑓/𝑎(𝑡)
𝐹𝑧(𝑡) + 𝐹𝑓(𝑡) + 𝐹𝑔 + 𝐹𝑏 + 𝐹𝑚𝑜𝑟𝑖𝑠𝑜𝑛(𝑡) + 𝐹𝑓/𝑎(𝑡)
} 
3.4.1   
In the equation 3.4.1 subscripts str denotes structure, moor denotes 
mooring, pto denotes power take off and dkin and f/a denotes kinematic 
relations between diffracting bodies and fairleads/anchors respectively. 
In the force vector referred to the structure, a quadratic viscous drag 
term (𝐹𝑑(𝑡)) has been added, modelled as in equation 3.3.2. Due to the 
differences in natural frequencies of the floating structure and lines’ 
elements, equation 3.4.1 represents a stiff system and the implicit 
Newmark integration scheme has been chosen to carry out the 
integration [49]. 
It should be noted that the force 𝐹𝑓/𝑎 stands for the forces to maintain 
fairleads at a constant distance from the centre of gravity of the structure 
and anchors fixed in the corresponding seabed positions. Its magnitude 
depends on the positions of the fairlead and anchor points with respect 
to the centre of gravity of the floater at each time step, 𝛿𝑥,𝑦,𝑧−𝑓𝑎𝑖𝑟 and 
𝛿𝑥,𝑦,𝑧−𝑎𝑛𝑐ℎ𝑜𝑟 respectively in equation 3.4.2. Whilst 𝛿𝑥,𝑦,𝑧−𝑓𝑎𝑖𝑟 is time 
invariant, 𝛿𝑥,𝑦,𝑧−𝑎𝑛𝑐ℎ𝑜𝑟 changes along the time as the floater moves, and 
the corresponding force, built up as a constant force in 3.4.4 with the 
restrictions set in 3.4.2, needs to be updated every time step. Fairleads 
and anchors force, 𝐹𝑓/𝑎, on the structure corresponds to the forces of all 
lines attached to the structure and with opposite sign with respect to the 
𝐹𝑓/𝑎 on the corresponding attachment nodes on mooring lines. 
The dynamic system described above is composed of three main parts, 
the floater, mooring lines and the lines fairleads and anchor. All of them 
have been included in the numerical model either through stiffness, 
damping and mass matrices or as time varying forces. Floater dynamics 
is linear since its wave structure interaction have been computed with a 
linear potential code and, hence, its matrices are time invariant as well 
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as the PTO forces, that have been modelled as a set of linear stiffness 
and damping matrices. 
On the other hand, kinematics of fairlead and anchor points have been 
defined by means of multibody restrictions, as introduced in section 
2.3.4. Such restrictions consist in setting kinematic relations between 
the three DOFs of the fairlead and anchor points with the floating 
structure and on the seabed respectively. These restrictions are 
expressed in equations 3.4.2 and 3.4.3 following the notation suggested 
in 2.3.69. 
- Fairlead restrictions (dynamics of the fairlead of the structure imposed 
to the mass point n) 
𝛷 = {
𝑥𝑠𝑢𝑟𝑔𝑒 + 𝑥𝑟𝑜𝑙𝑙 + 𝑥𝑦𝑎𝑤 + 𝛿𝑥−𝑓𝑎𝑖𝑟 − 𝑥𝑛
𝑦𝑠𝑤𝑎𝑦 + 𝑦𝑝𝑖𝑡𝑐ℎ + 𝑦𝑦𝑎𝑤 + 𝛿𝑦−𝑓𝑎𝑖𝑟 − 𝑦𝑛
𝑧𝑦𝑎𝑤 + 𝑧𝑟𝑜𝑙𝑙 + 𝑧𝑝𝑖𝑡𝑐ℎ + 𝛿𝑧−𝑓𝑎𝑖𝑟 − 𝑧𝑛
} 3.4.2   






} 3.4.3   
In equation 3.4.2 𝛿𝑥,𝑦,𝑧,−𝑓𝑎𝑖𝑟 denote the position of the fairlead with 
respect to the COG of the structure as well as 𝑥𝑠𝑢𝑟𝑔𝑒,𝑟𝑜𝑙𝑙,𝑦𝑎𝑤, 
𝑦𝑠𝑤𝑎𝑦,𝑝𝑖𝑡𝑐ℎ,𝑦𝑎𝑤 and 𝑧ℎ𝑒𝑎𝑣𝑒,𝑟𝑜𝑙𝑙,𝑝𝑖𝑡𝑐ℎ denote the motions of the fairleads 
in the global X, Y and Z axis due to the corresponding motions of the 
structure. The anchor points are to be kept fixed on the seabed and to 
do so the position with respect to the COG of the structure 𝛿𝑥,𝑦,𝑧−𝑎𝑛𝑐ℎ𝑜𝑟 
are to be updated along the time. 
The relations presented above have constant derivatives which make 
them linear and can, therefore, be reduced to a set of stiffness, mass and 
damping matrices, representing the attachment forces plus a set of 
constant vectors arising from the constant distances 𝛿𝑓𝑎𝑖𝑟 and 𝛿𝑎𝑛𝑐ℎ𝑜𝑟. 
Such terms are directly derived from equation 3.4.4.  
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{𝐹𝑓/𝑎(𝑡)} = 𝛼𝑎𝑡𝑡 · [𝛷𝛿
𝑇(𝑡)]
· ([𝛷𝛿(𝑡)] · {?̈?(𝑡)} + [?̇?𝛿(𝑡)] · {?̇?(𝑡)} + 2𝜉𝑎𝑡𝑡𝜔𝑎𝑡𝑡[𝛷𝛿(𝑡)]
· {?̇?(𝑡)} + 𝜔𝑎𝑡𝑡
2{𝛷(𝑡)}) 
3.4.4   
In case the WEC is made up several diffracting rigid bodies, such as the 
floater and the internal SWL defined in the case study in section 3.6.1, 
the kinematic relations impose the internal SWL to rigidly move with 
the floater in surge and sway, see 3.4.5. Since the internal SWL does not 
have mass nor stiffness in yaw, it has also been set to rigidly move in 
yaw with the floater to avoid numerical issues. The numbering of the 
degrees of freedom of the diffracting bodies assumes the first body as 
the anchored body, the structure here (DOFs 1 to 6), and the second 
body, the internal SWL (DOFs 7 to 12) in equation 3.4.5 as rigidly 





} 3.4.5   
Therefore, the formulation used for anchor and fairleads of the mooring 
system can also be used to set restrictions between floating structures, 
as it has been done here for the diffracting bodies (the structure and the 
internal SWL), through the restrictions set in 3.4.5. In this case all forces 
between both bodies are proportional to the body motions and no 
constant forces have been needed in the time domain model, resulting 
in a similar equation, showed in 3.4.6. 
{𝐹𝑑𝑘𝑖𝑛(𝑡)} = 𝛼𝑑𝑘𝑖𝑛 · [𝛷𝑑𝑘𝑖𝑛 𝛿
𝑇 ]
· ([𝛷𝑑𝑘𝑖𝑛 𝛿] · {?̈?(𝑡)} + [[?̇?𝑑𝑘𝑖𝑛 𝛿] + 2𝜉𝑑𝑘𝑖𝑛𝜔𝑑𝑘𝑖𝑛[𝛷𝑑𝑘𝑖𝑛 𝛿]]
· {?̇?(𝑡)} + 𝜔𝑑𝑘𝑖𝑛
2{𝛷𝑑𝑘𝑖𝑛(𝑡)}) 
3.4.6   
The design line tension, when carrying out simulations based on the 
DynTD model, is computed assuming the maxima of the simulations 
are Gumbel distributed, resulting in the equation 3.4.7. In order to 
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represent the low frequency variations, it is recommended in [65] to 
carry out at least 10 3-hour time domain simulations. 
𝑇𝑑_𝐷𝑦𝑛𝑇𝐷 = 𝑇𝜇 − 0.577216 · 𝑇𝜎 ·
√6
𝜋
 3.4.7   
Where Tμ and Tσ are the mean and the standard deviation of the 
maximum line tensions of the 10 simulations respectively and Td_𝐷𝑦𝑛𝑇𝐷 
the design line tension with this approach. 
3.5 Dynamic Linearized Frequency Domain 
Considering mooring lines as dynamic mechanical systems, coupled to 
a dynamic floater in a model that can be solved in the frequency domain 
(DynFD), can be found just in a few references, such as in [22] applied 
in ultra-deep waters. It consists in solving the system 3.4.1 in the FD, 
and in order to do so all forces arising from both the structure, the 
mooring system and line attachments must be linearized. Main sources 
of non-linearity in 3.4.1 are the viscous forces on both the floater and 
mooring nodes, shape changes and the geometric stiffness of catenary 
lines as well as the fairlead relations between the structure and mooring 
line ends. These effects are to be linearized in this section in order to 
enable the FD solution of the whole coupled model. 
Whilst wave interaction forces of the structure are modelled through 
linear hydrodynamic coefficients, complemented with a viscous force 
term, the hydrodynamic loads on mooring lines are added through the 
Morison force, as shown in equation 2.3.45. On the one hand, the 
inertial term of the RHS in 2.3.45 is linear and consists of an excitation 
force, called effective buoyancy term and proportional to water 
particles acceleration, and the added mass term, proportional to the 
acceleration of the corresponding DOF (either of the floater or of a node 
of a mooring line). On the other hand, the viscous force term in the RHS 
of equation 2.3.45 can be rearranged as an excitation force and a 
damping force, both functions of the relative velocity of the fluid with 
respect to the corresponding degree of freedom (𝑢(𝑡) − ?̇?(𝑡)), as 
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shown in equations 3.5.1 and 3.5.2. It has been assumed that the current 
velocity does not contribute on the varying hydrodynamic forces in 
order to simplify the process, and the linearized coefficient is therefore 
as introduced in 3.5.2 [48]. It makes the viscous drag force non-linear 
and iterations are needed to solve the complete FD model. 
𝐹𝑑𝑟𝑎𝑔(𝑡) = 𝛾 (𝑢(𝑡) − ?̇?(𝑡)) · 𝑢(𝑡) − 𝛾 (𝑢(𝑡) − ?̇?(𝑡)) · ?̇?(𝑡) 3.5.1   












· 𝑓𝑣 · 𝜎𝑢−?̇?(𝑡) →   𝐼𝑟𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑤𝑎𝑣𝑒𝑠
 3.5.2   
In equation 3.5.2 𝑓𝑣 = 0,5 · 𝜌𝑤 · 𝐶𝑑 · 𝐷 · 𝐿 and 𝜎𝑢−?̇?(𝑡) represents the 
standard deviation of the relative fluid velocity with respect to the 
corresponding DOF. Therefore, the linearization of the Morison 
viscous drag term ends up in a set of two linearized forces, proportional 
to the fluid and to the corresponding DOF velocities respectively. 
Consequently, the damping matrix and the velocity force depend on all 
DOF motions, implying the FD solution to be solved through a fixed-
point iterative process. This iterative method consists in setting an 
initial value of 𝛾, e.g. 0, that will provide an initial solution and an 
updated 𝛾. The same computation is carried out until either 
𝑚𝑎𝑥 (𝑢 − ?̇?(𝑡)) or 𝜎𝑢−?̇?(𝑡), for regular and irregular waves 
respectively, show a low error with respect to the previous solution, 
0.1% has been assumed low enough in this thesis. Following the same 
procedure, mass forces in equation 2.3.45, proportional to the 
acceleration of the fluid and the corresponding DOF, are shown in 
equation 3.5.3. In this case it represents two linear forces that are 
directly included in the complete FD model, shown in equation 3.5.9. 
𝐹𝑖𝑛𝑒𝑟𝑡𝑖𝑎(𝑡) = (1 + 𝐶𝑎) · 𝜌𝑤 · 𝑉 · ?̇?(𝑡) − 𝐶𝑎 · 𝜌𝑤 · 𝑉 · ?̈?(𝑡) 3.5.3   
In contrast with the DynTD model, the DynFD model provides only the 
time-varying part of the solution. The structural damping, as already 
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introduced in 2.3.57, is valid for velocities referred either to the absolute 
reference centre or to the mean position. However, the stiffness matrix, 
as in 2.3.55, needs to be redefined to work with the time varying 
motions, referenced to the mean position. Consequently, it implies 
adapting the structural stiffness matrix of the mooring system as 





























3.5.5   
In equation 3.5.4 n denotes specific nodes of mooring lines, where 
subscripts and superscripts denote nodes connecting each line section. 
The subscript L indicates local coordinates of each node, with the 
positive X direction aligned with a line connecting both nodes, pointing 
at the node n+1, as represented in Figure 21. The subscript G indicates 
global coordinates to which the whole system is referred, with the XY 
plane on the undisturbed SWL and the positive Z axis pointing upwards. 
R is the rotation matrix relating local and global coordinates for each 
line section, computed with the floater at the mean position, and  K𝐿 is 
the structural stiffness matrix of each line section referred to its local 
coordinates. The local structural stiffness matrix accounts only for axial 
stiffness, and, following the sign convention adopted for local 
coordinates, it is represented in the first position of the matrix, as shown 
in equation 3.5.5. The structural damping has been defined as a 
Rayleigh damping matrix. Following the same procedure as in 
equations 3.5.4 and 3.5.5 for the stiffness matrix, the structural damping 
matrix is straightforward defined as [𝐶𝐺 ]𝑛
𝑛+1
=𝛽 · [𝐾𝐺 ]𝑛
𝑛+1
, where 𝛽 is 
the stiffness proportional Rayleigh damping coefficient. 
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The non-linear geometric stiffness contributes significantly on the 
system performance, especially in cases with significant mooring 
pretensions and in the LF range. Its influence on the floater has been 
here computed as the secant stiffness force on the structure. It is 
computed after each iteration of the FD, assuming oscillation 
amplitudes equal to two standard deviations of each degree of freedom 
of the floater about the mean position, obtaining the floater linearized 
geometric stiffness matrix, [𝐾𝑔
𝑓
]. In addition, the same force differences 
have also been computed on the mooring line nodes, as a consequence 
of the same structure motion amplitudes, with an analytic subroutine of 
a catenary mooring system, as described in 2.3.52, obtaining [𝐾𝑔
𝑚]. 
These matrices provide the corresponding geometric stiffness effect on 























































 3.5.7   
In equations 3.5.6 and 3.5.7 𝐾𝑔 indicates the linearized geometric 
stiffness matrix based on the mentioned amplitude assumption. The 
superscripts m and f denote mooring and floater and DOF_t stands for 
total degrees of freedom of the system. Summarizing, the stiffness 
matrix is the static mooring force tensor, considering the influence of 
motions in all degrees of freedom of the floating structure on all degrees 
of freedom of the coupled model, both the structure itself and mooring 
lines.  
The kinematic relations modeling fairlead and anchor points are defined 
in the same manner as introduced in section 3.4 by means of Lagrange 
multipliers, a force vector is added to the system that makes it fulfill the 
restrictions and avoids adding additional equations. The simulation in 
the frequency domain requires all forces to be linear either with respect 
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to the excitation or to the motion of the model. The restrictions in 
equation 3.4.2 and 3.4.3 are also set here for the frequency domain 
resolution and can be broken down into two terms, those depending on 
model motions and constant forces. Constant forces are not included in 
the frequency domain solution since it is already assumed to be in 
equilibrium, and consequently δx,y,z−fairlead and δx,y,z−anchor are not 
considered. Expressing 𝑥𝑠𝑢𝑟𝑔𝑒,𝑟𝑜𝑙𝑙,𝑦𝑎𝑤, 𝑦𝑠𝑤𝑎𝑦,𝑝𝑖𝑡𝑐ℎ,𝑦𝑎𝑤 and 
𝑧ℎ𝑒𝑎𝑣𝑒,𝑟𝑜𝑙𝑙,𝑝𝑖𝑡𝑐ℎ in 3.4.2 linearly with the structure positions, the 
restriction vector can be considered linear at the mean position as 
{Φ(t)} = [Φ𝑐] · {δ(t)}, and the equation 3.4.4 becomes: 
{𝐹𝑓/𝑎(𝑡)} = 𝛼𝑎𝑡𝑡 · [𝛷𝛿
𝑇]
· ([𝛷𝛿] · {?̈?(𝑡)} + [[?̇?𝛿] + 2𝜉𝑎𝑡𝑡𝜔𝑎𝑡𝑡[𝛷𝛿]] · {?̇?(𝑡)}
+ 𝜔𝑎𝑡𝑡
2[𝛷𝑐] · {𝛿(𝑡)}) 
3.5.8   
The form in which equation 3.5.8 is expressed denotes a linear system, 
which can be directly included in a frequency domain model 3.5.9 
through a set of mass, damping and stiffness matrices 
(𝑀𝑓/𝑎, 𝐶𝑓/𝑎, 𝐾𝑓/𝑎). 
The slowly varying second order wave drift forces have been included 
in the model through the spectrum proposed in [74] and detailed here 
in equation 3.2.2. 
With respect to the seabed vertical reaction, it is modelled in the 
frequency domain through stiffness and damping matrices on the nodes 
on the seabed in the equilibrium position. The friction force has been 
also modelled through a damping matrix, applying the same damping 
coefficient as in the vertical motions, acting on the horizontal degrees 
of freedom of the corresponding nodes. These matrices are included in 
the whole mooring stiffness and damping matrices. 
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𝑀𝑓/𝑎 𝑀𝑚𝑜𝑜𝑟 + 𝜌𝑤 · 𝑉
] + 𝑖𝜔
· [
𝛾𝑠𝑡𝑟 (𝑢(𝑡) − ?̇?(𝑡)) + 𝐵(𝜔) + 𝐶𝑝𝑡𝑜 + 𝐶𝑑𝑘𝑖𝑛 𝐶𝑓/𝑎




𝑓(𝛿) + 𝐾𝑝𝑡𝑜 + 𝐾𝑑𝑘𝑖𝑛 𝐾𝑔
𝑚𝑇(𝛿) + 𝐾𝑓/𝑎
𝐾𝑔






?̂?𝑤(𝜔) · ?̂?(𝜔) + ?̂?
𝑠𝑣(𝜔)
(−𝜔2(1 + 𝐶𝑎) · 𝜌𝑤 · 𝑉 + 𝑖𝜔 · 𝛾𝑚𝑜𝑜𝑟 (𝑢(𝑡) − ?̇?(𝑡))) · ?̂?(𝜔)
} 
3.5.9   
Since equation 3.5.9 contains both damping and stiffness terms 
dependent on the solution, the whole system is solved iteratively, 
through the fixed point iteration procedure as detailed above in this 
section. Therefore, the resulting solution yields constant values of the 
mentioned solution dependent terms. 
Line tensions can therefore be obtained postprocessing motion 
amplitudes of the corresponding nodes, with the stiffness and damping 
matrices of mooring line sections, shown in equation 3.5.4 and the 
corresponding structural damping. It provides tension amplitudes that 
can be further processed to obtain power spectral densities (PSDs) and 
the corresponding maximum line tensions. 
3.6 Case Study Geometries of Floating Structures 
In this section the geometries of the floating structures used in Chapter 
4, Chapter 5 and Chapter 6 of this thesis are described. The main 
objective is the analysis of the interaction of floating structures with the 
mooring system, particularly heaving WECs, that tend to be small and 
very dynamic structures. In order to perform most calculations, a 
previously published geometry has been selected, see [16] and the 
hydrodynamic properties of the floater are introduced in section 3.6.1. 
In addition, a lumped mass numerical tool has been developed, that 
represents the DynTD model, that has been subject to a tank test 
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validation phase. The tank test data for validation has been provided by 
Tecnalia [73], which consists of a CALM buoy. The hydrodynamic 
properties of the floater are also introduced in section 3.6.2. 
3.6.1 Spar Type Oscillating Water Column Wave Energy Converter 
This geometry is designed to work as an OWC in which the power is 
extracted from the relative heaving motion of the structure represented 
in Figure 23 with respect to its internal water column. The compressed 
and expanded air is made to pass through a self-rectifying air turbine 
allocated on the deck of the floating structure. Its hydrodynamic 
properties for power production assessment can be modelled, among 
other methods, with two diffracting bodies. The coupled model consists 
of the one represented in Figure 23 interacting with a massless surface, 
representing the free surface water of the internal water column. The 
floating WEC geometry is based on the optimisation presented in [16], 
model K. It has been modelled through linear potential theory and its 
mesh representation and main dimensions are shown in Figure 23.    
 
Structure Main Properties 
Displacement [kg] 2.4432·106 
COG [m] -31.97 
Draft [m] 40.81 
Inertia Moment [kg·m2] 190.93·106 
Outer Diameter [m] 16 
OWC diameter [m] 5.89 
 
Figure 23 Mesh representation of the BEM model for the WEC spar platform 
submerged part (left) and its main physical properties (right). Data adapted from 
[16], model K 
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Two numerical models of this device have been built up to assess body 
motions, one for extreme conditions and another one in operational 
conditions. The model for extreme conditions assumes that the device 
operates in the survival mode, represented with the structure open at its 
top part and, therefore, the hydrodynamic model is based on a single 
body, representing the structure in Figure 23. It is a reasonable 
assumption as the closed chamber has been proved to induce large 
motions [17]. The second model represents the device in its power 
production mode, in order to do such model two diffracting bodies are 
needed, the structure in Figure 23 and a massless surface at the SWL of 
the internal water column. Therefore, the power production model is 
composed of 12 DOFs, six per diffracting body, and needs the 
corresponding kinematic restrictions to model the two bodies moving 
together in the horizontal motions, surge and sway. In addition, the yaw 
motion of both structures has also been restricted to move with the 
structure to avoid numerical issues in yaw of the internal SWL. Both 
bodies are left to move freely, with the corresponding hydrodynamic 
interactions, in heave, pitch and roll. It should be noted that pitch and 
roll of the internal SWL represent sloshing modes which might be better 
represented by the geometry of the corresponding sloshing modes along 
with the air compressibility to obtain better estimates of power 
production. Nevertheless, it has been assumed to be accurate enough 
for mooring performance assessment as well as device dynamics. 
Table 1 Viscous drag force factors considered for each degree of freedom of the 





 Factors fv  




Surge  1.188·105 0.064 
Sway  1.188·105 0.065 
Heave  4.469·104 0.6651 
Roll  3.532·109 0.3757 
Pitch  3.532·109 0.3757 
Yaw  0 - 
Heave SWL  0 0.5063 
Pitch SWL  0 2.524 
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The current steady force can be assumed as a constant force, which will 
be related with a projected surface of 290[m2]. The total displaced mass 
of the structure is 2.4432·106[kg] and the COG is placed 31.97[m] 
below de surface water level, assuming to be similar to the geometry 
introduced in [17]. The mass moment of inertia in pitch and roll has 
been assumed to be 190.93·106[kg·m2] derived from assuming a radius 
of gyration equal to half the length of the section from the COG to the 
keel, 8.84[m]. 
The numerical model relies on the hydrodynamic coefficients in Figure 
24, that have been computed in this thesis with a commercial code based 
on the linear potential flow theory [62]. In addition, all motions of the 
structure are influenced by viscous drag forces, the assumed factors are 
described in Table 1, along with the natural frequencies in each degree 
of freedom considering the mooring system, computed within the work 
performed in section Chapter 6. 
 
Figure 24 Hydrodynamic coefficients of the floating buoy spar WEC in surge, heave 
and pitch, the cross coupled coefficients have been omitted here, but used in the 
model. Added mass and Radiation damping of surge (top-left), heave (top-right) 
and pitch (bottom-left). Froude-Krylov and diffraction forces in surge, heave 
and pitch (bottom-right) 
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The non-linear drift force in surge has been accounted for through the 
Newman approximation and based on the mean drift coefficients 
computed by the linear potential code. 
The PTO, in the power production model, has been assumed to be linear 
and acting on the relative heave motions between the structure and the 
water surface level, and is usually modelled through a stiffness and 
damping matrices (𝐾𝑝𝑡𝑜 , 𝐶𝑝𝑡𝑜), as represented, in the frequency domain, 


















} 3.6.1   
The PTO in an OWC system consists generally of a self-rectifying air 
turbine, such as the Wells turbine or Impulse turbines as introduced in 
[76], [77] that introduces a damping term in the relative motion. In 
addition, the air chamber compressibility adds a non-linear stiffness 
term in the relative motion.  
 
Figure 25 Optimal PTO damping per sea state computed with the OWC type WEC 
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In this thesis it has been considered just a damping term for simplicity, 
assuming the chamber not to introduce any stiffness in the system, 
which can be acceptable for the mooring induced loads but has a non-
negligible influence in the produced power [78].Therefore, the PTO has 
been assumed not to introduce any stiffness in the system and the 
optimal PTO damping has been numerically computed to maximise the 
extracted energy with a frequency domain model, accounting only for 
the body motions in heave. A linearized viscous force damping based 
on the coefficients in Table 1, without the mooring system, has been 
assumed. The obtained values are represented in Figure 25. 
3.6.2 Catenary Anchor Leg Mooring (CALM) Buoy 
This floating structure has been modelled in order to carry out an 
experimental validation of the DynTD model developed in section 3.4. 
The CALM buoy here modelled represents the HarshLab 2.0 platform 
shape, designed by the consortium made up for its commercial 
operation as a real sea laboratory for offshore materials. The 
experimental testing has been carried out at the CEHIPAR wave tank, 
in Madrid. The floater is made of a single rigid floating structure, 
consisting of two vertical cylinders. The larger cylinder is partially 
submerged, and the freeboard is made up of the remaining part of the 
structure, the smaller cylinder sits on the deck of the larger one. Its main 
dimensions both in full-scale and in the scaled teste model are shown 
in Table 2. 
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Figure 26 Representation of the numerical model and mooring system of the 
HarshLab 2.0 (top) and the physical model tested (bottom) 
The model incorporates an attached structure to reproduce the boat 
landing, as shown in Figure 26, it has an influence on the hydrostatic 
stiffness and the viscous damping in pitch and heave as showed in 
Chapter 5. Due to its position it introduces a coupling effect between 
pitch-heave motions as well as between sway-yaw. The pitch-heave 
coupling effect, whose Morison coefficients are shown in Figure 28, 
has been fitted with the obtained forces in experimental oscillatory tests. 
However, the yaw-sway coupling effect has not been considered in the 
numerical model since all tests were performed with waves progressing 
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Table 2 Harsh 2.0 platform shape and its main properties 
Harsh 2.0 buoy shape 
Scale 1:1 1:13.6 
Lower Diameter [m] 10.47 0.77 
Lower Height [m] 3.54 0.26 
Upper Diameter [m] 5.03 0.37 
Upper Height [m] 4.76 0.35 
Draft [m] 2.28 0.17 
KG [m] 1.67 0.12 
Water Depth [m] 68.00 5.00 
Total mass [kg] 1.91E+05 76.02 
Ixx [kg·m2] 2.84E+06 6.11 
Iyy [kg·m2] 2.86E+06 6.14 
Izz [kg·m2] 2.75E+06 5.91 
Hydrodynamic coefficients of the structure have been performed in this 
thesis with a commercial code based on the linear potential flow theory 
[62]. The numerical wave interaction model of the submerged part has 
been built for the 1:13.6 scaled geometry, without the attached boat 
landing shown in Figure 26. The hydrodynamic coefficients of the 
submerged cylindrical section are shown in Figure 27 in 1:13.6 scale. 
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Figure 27 Hydrodynamic coefficients of the 1:13.6th scale floating buoy HarshLab 
2.0 in surge, heave and pitch. Added mass and Radiation damping of surge (top-
left), heave (top-right) and pitch (bottom-left). Froude-Krylov and diffraction 
forces in surge, heave and pitch (bottom-right) 
Due to the axisymmetric geometry of the numerical model no heave-
pitch interaction is obtained in the linear potential code coefficients. 
However, the attached structure for boat landing showed in Figure 26 
introduces such coupling, that has been accounted for through the 
Morison equation. 
The pitching moment has been measured in the forced oscillatory tests 
in heave. Three sets of forced tests, each of them with an amplitude and 
covering a relevant period range, have been utilized for that purpose. 
The measured moment has been fitted with the two factors of drag and 
inertia, as defined in 3.6.2. 
𝑀5𝑓𝑖𝑡 = 𝑓𝑑−53 · |?̇?3| · ?̇?3 + 𝑓𝑚−53 · ?̈?3 3.6.2   
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 3.6.4   
The resulting mean fitted factors of the set showed in Figure 28 have 
been 𝑓𝑑−53=15.25 and 𝑓𝑚−53 = 1.698. xbl represents the horizontal 
distance from the center of gravity of the attached structure to the center 
of gravity of the whole structure, equal to 0.485m. 
 
Figure 28 Heave-pitch cross coupling Morison coefficients 
The overall influence of the attached boat landing structure in terms of 
drag, excitation and inertia effects have been included in the numerical 
DynTD model, in the force vector of the structure in equation 3.4.1. A 
Morison heave force and pitch moment, as defined by 3.6.4 and 3.6.3 
respectively have been included. The viscous damping and hydrostatic 
stiffness introduced by the boat landing in each degree of freedom, have 
been assumed to be included in the decay test viscous force fitting and 
the additional stiffness pointed out in Table 12. 
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3.7 Chapter Summary 
The four numerical tools developed along the work of this thesis have 
been introduced. Each of them represents a tool to assess floater body 
motions and mooring line tensions in a coupled model, based on 
different assumptions: 
- Quasistatic Linearized Frequency Domain: It assumes the floating 
structure as a dynamic system and the mooring as a static one. The 
coupling consists in adding a horizontal stiffness in surge motion of 
the floater, solved in the FD. Based on the static properties of the 
mooring system and a maximum position of the structure, line tension 
and required length are computed. 
- Quasistatic Non-Linear Time Domain: Floating structure is assumed 
as a dynamic system, coupled in all degrees of freedom with the 
catenary equations and solved in the time domain. Time series are 
postprocessed to assess line tension and required length. 
- Dynamic Non-Linear Time Domain: Floating structure is considered 
as a dynamic system as well as the mooring system. It consists of a 
lumped mass and floating structure fully coupled model. Due to all 
non-linearities of the mooring system the coupled system is solved in 
the time domain. Time series are postprocessed to assess line tension 
and required length. 
- Dynamic Linearized Frequency Domain: Floating structure is 
considered as a dynamic system as well as the mooring system. All 
non-linearities of the mooring system are linearized and the coupled 
model is solved in the frequency domain. Modal analysis of the 
coupled model is enabled. Line tensions are postprocessed based on 
the obtained PSDs. 
- Two geometries are presented, along with their physical properties, 
that will be used as case studies to compare and validate the 
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Comparison of Numerical Approaches 
in Extreme Conditions 
4.1 Introduction 
Extreme events have a significant relevance in the mooring system 
sizing and is one of the key aspects to consider from preliminary stages 
of design. In order to evaluate mooring motions and line tensions 
subject to extreme waves and currents, a comparison study has been 
carried out between the most widely used numerical methods currently 
in the offshore engineering sector, the QSFD, the QSTD and the 
DynTD. The tools used have been the QSFD and QSTD herein 
developed (see sections 3.2 and 3.3 respectively) and the commercial 
code Orcaflex [13] that uses the DynTD approach. During extreme 
events, mooring lines are subject to large loads and motions, mainly 
induced by the structure, which tend to be very influenced by non-linear 
effects. In principle, this fact makes the QSFD and QSTD not to be 
accurate enough to predict line tensions and mooring related cost. 
However, it is shown along this chapter that, after specific corrections, 
the QSFD method can be suitable for preliminary designs of the 
mooring system. 
The present chapter aims at identifying the main sources of discrepancy 
among the three above-mentioned approaches for a set of realistic 
combinations of line mass and pretensions.  A comparison based on 
numerical simulations is introduced to give an insight into the accuracy 
of the estimation of structure offset, maximum tension, total mooring 
mass and the required footprint, applied to the spar type floating WEC 
presented in 3.6.1. These parameters provide information to be 
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considered in a global perspective, together with other CAPEX items 
of the WEC, so that the design of the whole device can be kept 
optimised from early stages. 
4.2 Numerical Model Settings 
To design a mooring system for a WEC, extreme loads are to be 
accounted for with the device in the survival mode. There are multiple 
simulation combinations that may come up from considering real 
environments. However, in an early stage of design a case that initially 
produces large mooring line tensions can be selected in order to get 
estimations of both performance and cost indicators. The corresponding 
load case considered here assumes waves, wind and current are all 
aligned with one line of the mooring system, as indicated in Figure 29. 
A single load case has been simulated with multiple combinations of 
lines’ non-dimensional pretension and linear mass. The outcomes 
provide information about maximum offset and design line tension as 
well as the cost (mooring mass and required footprint).  
4.2.1 Mooring Properties 
The mooring system represented in the numerical model is a four-line 
catenary mooring system with the lines radially regularly distributed, as 
represented in Figure 29. 
 
Figure 29 Four lines mooring system configuration modelled in 150m water depth 
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In order to assess the influence of non-linearities of the mooring system 
on structure motions and line tensions, a range of non-dimensional 
pretensions and linear mass has been defined as specified in Table 3, 
which results in 25 mooring models. 
Table 3 Mooring properties selected to be combined for simulation cases 




Length / Mass 
 number 
65 1,6 1 
85 1,34 2 
105 1,18 3 
125 1,13 4 
145 1,1 5 
The vertical coordinate of the fairlead of mooring lines with respect to 
the seabed has been assumed to be 150m, assuming the fairleads at the 
center of gravity. Therefore, the resulting water depth is 181.97[m]. 
4.2.2 Sensitivity Analysis of Simulation Settings 
A sensitivity analysis was carried out with both QSTD and DynTD 
models in order to define the simulation settings. The DynTD model, 
made in Orcaflex [13] for the work developed within this chapter, in 
order to get a first estimation of the model comparisons, has been 
analysed with lines made up of 10 to 100 elements and the relative 
errors have been in all cases below 5%. The number of elements 
considered for the presented results have been 80 and a time step of 
0.1s.  
The QSTD model, made in the tool herein developed (see section 3.3), 
requires the catenary equations to be solved at each time step iteratively 
until an error bound is reached. This allowed error influences its results. 
In order to check the accuracy of the mooring force along the 
simulation, a sensitivity analysis has been carried out with the model 








Figure 30 Sensitivity analysis of the QSTD iterative process. Surge of the structure 
and the corresponding mooring horizontal force (left) and relative errors of the 
standard deviation of both line tension and surge motion (right) 
It is shown in Figure 30 that, with the QSTD model, both line tension 
and structure horizontal position relative errors are found below 5% for 
a maximum allowed error in the iterative process of catenary equations 
of 0.2%, assumed to be sufficiently accurate. This model has been 
proved to provide accurate results when using a time step of 0.1s with 
a Newmark-beta integration scheme, detailed in [49]. 
The reference case selected for numerical simulation corresponds with 
the recommended environmental conditions for permanent traditional 
offshore structures in [50], at the test site BiMEP, specified in Table 4.  
Table 4 Environmental conditions for the reference simulation case 
Parameter Return Period [yrs] Value 
Significant Wave Height (Hs) 
100 
10 [m] 
Peak Period (Tp) 18 [s] 
Current Velocity (Vc) 50 1.3 [m/s] 
The environmental data has been taken from [79], where an analysis of 
extreme climate conditions is presented for the site. 
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4.3 Results and Discussion 
The QSFD model does not include any non-linear effect. Therefore, in 
order to assess the influence of non-linear effects of each approach, the 
QSFD results have been considered as a baseline whilst the results of 
both QSTD and DynTD approaches are compared with the baseline. 
Consequently, the results are initially introduced for the QSFD 
approach, in terms of loads and motions as well as of the required line 
lengths and footprints. Results of the non-linear approaches are then 
compared with the QSFD baseline, drawing conclusions about the 
influence of the corresponding non-linear effects included in each 
model. 
4.3.1 Quasi-Static Frequency Domain Model Results 
This approach includes the horizontal stiffness added by the mooring 
system computed at the mean position to obtain the motion amplitudes, 
considering the mooring system coupled just with surge motion. It 
allows computing straightforward natural frequencies of the degrees of 
freedom of the structure in surge with the influence of the mooring 
system. Since the mooring settings are different among the model 
combinations arisen from Table 3, natural frequencies in surge have 
been observed to vary between 0.03[rad/s] and 0.07[rad/s]. Natural 
frequencies of the structure in heave and pitch without mooring system 
have been found to be 0.67[rad/s] and 0.38[rad/s] respectively. 
Main performance indicators to be considered when designing a 
mooring system are the maximum line tension and the maximum 
structure horizontal offset. These parameters are relevant for the 
mooring system and umbilical cable structural integrity. 
 
 







Figure 31 Baseline results of the QSFD model. Performance indicators of line 
design tension and design offset a) and cost indicators of mooring total mass 
and anchor radius b). Yellow arrows indicate direction of lines pretension 
increase within each linear mass indicated in the legend. 
Each line in Figure 31 represents a linear mass of the lines composing 
the mooring system, the variation of each performance and cost 
indicator along each linear mass is due to the variation in the non-
dimensional pretension, increasing as indicated by the yellow arrow in 
Figure 31  within the values specified in Table 3. A non-dimensional 
pretension (ai) increase produces larger anchor radius (R_anchor) and 
lower design offset (X_d) in all cases. 
A pretension increase influences the offset of the structure almost 
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the design tension which may lead to unsafe designs as shown in Figure 
31 a). The design offset of the structure is very sensitive to the linear 
mass at mid-low pretensions, however, with large pretensions, i.e. 
ai>1.2, the variation of the offset due to the linear mass (65[kg/m] – 
145[kg/m]) becomes less significant. 
Large pretensions imply in general larger footprints and total mooring 
mass, that are eventually translated into larger total costs of the mooring 
system. Similarly to what is observed for the offset, the anchor radius 
is very sensitive to the linear mass at mid-low pretensions, however 
with high pretensions the influence on the anchor radius is significantly 
lower, which is represented in Figure 31 (right). 
It should be pointed out that these baseline results indicate a 
requirement in the mooring total mass of 5-15% the mass of the 
structure, as long as lines are completely made up of a section of one 
chain type. 
4.3.2 Performance Results of Non-Linear QSTD and DynTD 
Models 
To quantify the uncertainty of the QSFD baseline performance 
indicators, results of both time domain models are introduced as factors 
with respect to the indicators introduced in Figure 31. It enables 
quantifying the influence of non-linear effects such as the geometric 
stiffness or lines’ drag and inertia as well as the influence of coupling 
all degrees of freedom with the mooring system. 
4.3.2.1 Floater Motions 
The most significantly excited degrees of freedom in the introduced 
numerical models are surge, heave and pitch motions since all 
environmental forces have been aligned and propagated along the 
positive X axis. These directly influence line tensions and the structural 
integrity of the umbilical cable that any WEC must have installed in 
order to transport electrical energy. Surge motion of the structure 
(horizontal offset) is one on the most influencing parameters for the 
design of the umbilical cable, analyzed in detail in the following 
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paragraphs. The design offset has been computed with each approach 
following the same procedure as indicated for the corresponding line 
tensions through sections 3.2 to 3.4 and presented as factors with 





Figure 32 Surge factors with respect to QSFD model of the QSTD a) and DynTD b) 
approaches. Accumulated bars with the contribution of the mean and dynamic 
offsets  
The WEC shows in Figure 32 a balanced influence between the mean 
and dynamic surge on the design offset factors. Mean offset 
contribution is significantly increased as the non-dimensional 
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pretension is decreased with slightly higher influence in the QSTD 
model. The total offset factor is dominated by structure dynamics with 
large non-dimensional pretensions and by the mean offset with low 
non-dimensional pretensions. It is to be noted that most mooring models 
show factors <1 for the design offset with the DynTD model, whilst the 
QSTD model shows factors >1. It indicates, assuming that the most 
reliable model is the DynTD approach, that the QSFD model is more 
conservative in the estimation of the design offsets of the structure 







































































Figure 34 Heave a) and pitch b) std factors of the QSTD models  
Factors of the QSTD approach in terms of heave and pitch standard 
deviations are presented in Figure 34, showing almost constant values, 
15% to 20% in heave and -10% in pitch. Nevertheless, the DynTD 
approach shows heave factors within the range of -8%, for high 
pretensions, to 8%, for low pretensions as shown in Figure 33 a). Pitch 
motion with DynTD approach also shows increasing factors with a 
decreasing pretension, as observed in Figure 33 b), though significantly 
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The increase of the standard deviation factors with pretension increases 
can be explained looking at the PSDs of each degree of freedom, shown 
in Figure 35. Mooring systems with low non-dimensional pretension 
provide surge motions in good agreement in the natural frequency 
among all models as well as in amplitudes, as shown in the PSDs in 
Figure 35. However, mooring systems with large non-dimensional 
pretensions show damped surge PSDs at the natural frequency with the 


























Figure 35 Power spectral densities in surge (WF magnified 20 times) (a), heave and 
pitch motions (WF reduced by a factor of 2) (b) and (c) comparing models’ 
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Heave motion shows factors >1 in all cases as the heaving natural 
frequency is overdamped with the linearized QSFD model, which 
corresponds with the second peak in Figure 35 b). Even though all time 
domain models show larger standard deviations in heave, DynTD 
models introduces a slightly higher damping in the heaving motion with 
respect to the QSTD. It results in an underestimation of the QSFD and 
overestimation of the QSTD.  
Pitching motion standard deviation factors are due to the combination 
of two effects: on the one hand the QSTD models do not catch entirely 
the surge-pitch coupling introduced by the mooring system, and on the 
other hand large non-dimensional pretension models show damped 
pitch PSDs with the DynTD models in the wave frequency range. 
Additionally, the QSFD model shows slightly underdamped PSDs in 
the wave frequency range, with respect to the TD models, which results 
in the -10% above-mentioned factors of the QSTD models.  
Therefore, mooring systems with large non-dimensional pretensions 
introduce significant damping in all degrees of freedom as observed 
with the DynTD approach. It reduces the response specially in the 
corresponding natural frequency, reducing its standard deviation. The 
fact that the QSFD approach overdamps motion responses due to the 
linearization, partially balances the viscous damping introduced by the 
mooring system showed with the DynTD. This mooring induced 
damping is not represented with the QSTD, what makes it to 



















Figure 36 Normalized PDFs with the three models in surge a), heave b), pitch c) and 
the most loaded line tension d) 
In Figure 36 and Table 5 normalized probability density functions 
(PDF) and their corresponding kurtosis (excess kurtosis with respect to 
the gaussian distribution)  and skewness are introduced respectively for 
surge, heave, pitch and the most loaded line tension. The kurtosis 
indicates the sharpness of the distribution around the mean value, higher 
kurtosis indicates higher probability of producing extreme values. It is 
generally provided as the difference with respect to the kurtosis of the 
gaussian distribution, equal to 3, denoted as the excess kurtosis. The 
skewness indicates the asymmetry of the distribution about the mean 
value, gaussian distributions have zero skewness. Positive skewness 
indicates higher probability of producing extreme values. In Table 5 the 
corresponding values of the QSFD models have been omitted since it is 
a linear model and, therefore, they are Gaussian distributed with 
kurtosis equal to 3 and skewness equal to 0. 
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The QSTD approach shows negative excess kurtosis and skewness in 
all DOFs, with very homogeneous values among the mooring settings 
considered, whose average values are shown in Table 5. The most 
influenced degree of freedom with this approach is the pitch motion 
with a significantly low kurtosis while heave and surge provided 
slightly low kurtosis and skewness values. The most loaded line tension 
shows positive excess kurtosis as well as skewness, that differ clearly 
from the equivalent linear PDF, as represented in Figure 36. It is 
coherent with the catenary equations as it restricts floater motions 
through a non-linear increase of line tensions with the offset increase 
(commonly fitted with a 3rd order polynomial). Generally, these results 
mean that extreme motions are reduced, and extreme tension values are 
increased with respect to the linearized QSFD.  
Table 5 Mean obtained kurtosis and skewness of the WEC motions and tension of 
the most loaded line with the non-linear QSTD approach  
WEC SURGE HEAVE PITCH MLL TENSION 
KURTOSIS (QSTD) 2,924 2,671 2,241 3,700 
SKEWNESS (QSTD) -0,188 -0,039 -0,050 0,665 
Including lines’ drag and inertia, in the DynTD approach, structure 
motions are modified as already pointed out in the PSD analysis. 
Heaving motions show also homogeneous excess kurtosis and 
skewness among the mooring models, with similar tendencies as those 
found with the QSTD, whose values are shown in Figure 37. Surge, 
pitch and most loaded line tensions show variable values depending 
mostly on the non-dimensional pretension. Surge motion shows higher 
positive kurtosis with higher pretensions and a kurtosis closer to 3 as 
the pretension is decreased. The skewness tends to negative values with 
lower pretensions and shows a tendency to the values represented with 
the QSTD approach. It indicates that the damping induced by the 
mooring system with high non-dimensional pretensions induces higher 
excess kurtosis and positive skewness while the negative skewness may 
be more attributed to the non-linear geometric stiffness. Although not 
as clear as in surge, pitch motions show the same apparent tendency to 
the values of the QSTD approach as lines pretension is lowered in 
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Figure 37 and same conclusions apply in terms of relations of physical 
effects with the non-linearity influence type. Most loaded line tensions 
show the opposite tendency, as lines pretension is lowered its kurtosis 
and skewness is further increased, producing even larger extreme line 
tensions compared with the QSTD approach. This is further analyzed in 
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Figure 37 Kurtosis and skewness of surge motion (a)(b), heave motion (c)(d), pitch 
motion (e)(f) and most loaded line tension (g)(h) obtained with the DynTD 
approach 
DYNAMIC - TIME DOMAIN 
kurt_x 1.600 1.340 1.180 1.130 1.100 
65 3.285 3.335 3.348 3.272 2.940 
85 3.267 3.317 3.286 3.267 2.974 
105 3.268 3.296 3.246 3.150 3.085 
125 3.279 3.275 3.227 3.010 2.873 
145 3.299 3.263 3.214 3.120 3.013 
a)  
DYNAMIC - TIME DOMAIN 
skew_x 1.600 1.340 1.180 1.130 1.100 
65 0.023 -0.151 -0.250 -0.254 -0.145 
85 0.081 -0.098 -0.184 -0.193 -0.163 
105 0.135 -0.055 -0.128 -0.154 -0.134 
125 0.179 -0.015 -0.088 -0.103 -0.090 
145 0.211 0.022 -0.057 -0.104 -0.052 
b)  
DYNAMIC - TIME DOMAIN 
kurt_z 1.600 1.340 1.180 1.130 1.100 
65 2.894 2.871 2.852 2.867 2.860 
85 2.882 2.860 2.843 2.810 2.795 
105 2.858 2.845 2.830 2.820 2.845 
125 2.828 2.826 2.815 2.859 2.815 
145 2.797 2.804 2.800 2.776 2.801 
c)  
DYNAMIC - TIME DOMAIN 
skew_z 1.600 1.340 1.180 1.130 1.100 
65 -0.165 -0.173 -0.174 -0.156 -0.170 
85 -0.167 -0.177 -0.178 -0.150 -0.173 
105 -0.164 -0.178 -0.179 -0.170 -0.166 
125 -0.156 -0.175 -0.178 -0.173 -0.158 
145 -0.147 -0.170 -0.175 -0.155 -0.168 
d)  
DYNAMIC - TIME DOMAIN 
kurt_ry 1.600 1.340 1.180 1.130 1.100 
65 3.267 3.220 3.218 3.307 3.305 
85 3.314 3.216 3.169 3.087 3.115 
105 3.350 3.215 3.135 3.074 3.027 
125 3.366 3.217 3.107 3.029 3.069 
145 3.362 3.218 3.083 2.989 2.969 
e)  
DYNAMIC - TIME DOMAIN 
slew_ry 1.600 1.340 1.180 1.130 1.100 
65 0.233 0.127 0.079 0.073 0.047 
85 0.303 0.173 0.089 0.047 0.041 
105 0.346 0.211 0.105 0.059 0.031 
125 0.368 0.242 0.120 0.056 0.022 
145 0.372 0.265 0.134 0.071 0.022 
f)  
DYNAMIC - TIME DOMAIN 
kurt_t 1.600 1.340 1.180 1.130 1.100 
65 4.632 5.814 6.702 7.773 7.929 
85 4.258 5.559 6.664 7.312 7.847 
105 4.004 5.336 6.615 7.877 8.040 
125 3.842 5.163 6.532 8.066 8.249 
145 3.737 5.023 6.432 7.769 8.687 
g)  
DYNAMIC - TIME DOMAIN 
skew_t 1.600 1.340 1.180 1.130 1.100 
65 1.111 1.418 1.609 1.755 1.796 
85 0.992 1.348 1.591 1.707 1.786 
105 0.888 1.275 1.555 1.746 1.826 
125 0.795 1.207 1.509 1.760 1.832 
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4.3.2.2 Predicted Line Tensions 
The design line tension has been computed for all cases as defined 
through sections 3.2 to 3.4. The differences come from the non-
linearities included in each model i.e. the non-linear geometric stiffness 





Figure 38 Most Loaded Line tension factors for the WEC with the QSTD a) and 
DynTD b) models 
The mean line tension, computed with both approaches, shows 
contributions 55%-75% on the design line tension. It is not significantly 
sensitive to the mooring settings and the observed differences in the 
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design line tension are driven by line tensions induced by structure 
motions. The QSTD approach shows factors of 1,5 to 2 with a partially 
increasing tendency with decreasing pretensions in Figure 38 a). On the 
other hand, the DynTD approach shows increasing factors from 4 to 7 
as the line pretension is decreased. 
Line tension PDFs obtained with the QSTD approach show clear 
positive skewness and excess kurtosis in general, produced by the 
geometric stiffness, as showed in Table 5. In addition, its coupling with 
heave, shown in Figure 39, may induce slightly larger excess kurtosis 
of line tensions, as well as larger negative skewness in heave. 
 
Figure 39 Most loaded line tension PSDs comparison with the approaches 
considered 
Nevertheless, with the DynTD approach, in contrast to the tendency of 
structure motions to perform more linear motions with lower non-
dimensional pretensions, line tensions show increasing excess kurtosis 












Figure 40 Normalized PDFs of the most loaded line with the three approaches. High 
pretension a) and low pretension b) 
Analyzing further the most loaded line tensions with the DynTD 
approach, its PDFs show two local maxima in Figure 40. The maximum 
at higher tensions is due to surge dynamics which tends to perform more 
similarly to the QSTD model. However, the peak at lower tensions is 
due to slack lines during certain instants, which occurs due to the 
heaving of the buoy and to lines’ inertia, also known as snap loads. This 
effect is clearly observed in Figure 41, where a clear correlation of slack 
line instants with negative heave velocity is observed and not showing 
a clear correspondence with surge dynamics. 
 
Figure 41 Time series portion of buoy heaving and the corresponding tension of the 
most loaded line 
In Figure 42 the QSTD approach also shows a significant variability in 
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the structure’s heaving. However, the DynTD approach shows a very 
large line tension dispersion due to lines’ drag and inertia. The latter 
produces the mentioned snap loads. These snap loads cannot be 
reproduced with neither the QSFD nor the QSTD approaches, leading 
to significantly underestimating lines tension with low pretensions. On 
the other hand, looking at the low frequency range in Figure 39 there is 
good agreement between the QSTD and DynTD as it appears to be 





Figure 42 Line tension of WEC with large pretension a) and low pretension b) for 
three models. Green: QSFD, Blue: QSTD and Orange: DynTD. 
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Consequently, even though the estimation of lines’ tension with the 
QSTD approach shows the influence of the heaving motion with respect 
to the QSFD, both of them differ significantly with respect to the 
DynTD with high pretensions mainly due to the lines induced damping 
and with low pretensions due to lines’ inertia.  
4.3.3 Performance and Cost Comparison Results of Numerical 
Models 
The design spaces represented in Figure 31 are represented together 
with the corresponding results obtained with the QSTD and DynTD 
approaches in Figure 43. Both performance and cost indicators show 
same tendencies with the three approaches and what has been stated 
with the QSFD model still applies. Nevertheless, design line tensions 
resulting from the DynTD approach with respect to the other two 
approaches differ by factors of 2 to 7, as already showed in Figure 38, 
depending on lines’ pretension. It is to be considered if any of the two 
introduced quasistatic approaches is to be used at preliminary design 













Figure 43 Design (top) and cost (bottom) spaces for the WEC structure with the 
QSFD (red squares), QSTD (green triangles) and DynTD (blue circles) models 
The mooring total mass and the footprint radius show increasing values 
as the complexity of the model increases. In addition, the large 
influence of lines’ drag and inertia observed in the design tension is not 
translated into a significant increase of the suspended line length and 
anchor radius. This enables the comparison of models in terms of 
mooring cost estimates. 
The computational time required of both the DynTD (executed with the 
commercial code Orcaflex in this chapter, developed on Pascal [80]) 
and the QSTD models is close to real time with the settings specified in 
section 4.2.2, when ran in a common laptop equipped with an Intel i7 
7th generation microprocessor. These approaches require 10 and 5 3-
hour time domain simulations respectively. On the other hand, the 
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all frequencies, just due to the iterations required by the drag 
linearization. Nevertheless, it should be noted that the QSTD tool 
developed here has been coded on Matlab, which tends to be slower 
than C, FORTRAN or Pascal.  
Therefore, the QSTD approach shows both total mooring mass and 
anchor radius closer to those of the DynTD rather than the QSFD, which 
would make it suitable for optimizations. However, it does not add 
significant accuracy improvement in terms of line tensions, and it 
requires a computational time of the same order of the DynTD. 
Consequently, it has not been considered suitable for preliminary 
optimizations. 
Given the differences observed between the QSFD and the DynTD 
resulting from the linearization, and not considering the influence of 
heave in the QSFD, correction coefficients are proposed in Figure 44 in 
order to obtain more accurate cost estimates. Since lines’ pretension 
have been observed to be more influencing on differences between 
models compared to lines’ mass, the corrections proposed here are 
linear functions of lines’ non-dimensional pretension.  
In addition to the cost indicators, i.e. anchor radius and suspended line 
mass, designers must bear in mind that line tension factors are 
significant, as showed in Figure 44 c). It is notable with low pretensions 
and, in order to obtain acceptable line strengths, corrected line tension 
should be checked during any design optimization carried out with the 
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Figure 44 Correction factors between the DynTD and the QSFD models for five 
linear mass values (65, 85, 105, 125 and 145) and a linear fitting of the mean 

















































































































Figure 45 Cost optimization of the mooring system. Total cost is the sum of the 
lease area and the total mooring mass assuming a cost ratio of 3 [€/kg]/[€/m2] 
When using these models for mooring design optimization, as described 
above, QSFD may be used provided it is corrected following 
coefficients proposed in Figure 44.  In order to compare design 
optimization results of corrected QSFD and DynTD approaches Figure 
45 is introduced. The mooring design optimization has been here 
considered as the sum of the required area [m2] and the total mooring 
mass, computed with the maximum suspended length resulting with 
each approach and applied to all lines of the mooring system. The cost 
has been provided in terms of the total equivalent required mass. The 
equivalent required mass is the summation of the mooring mass, 
assuming lines made up of a single chain type, and the equivalent mass 






, total computed costs are represented in Figure 45 with both models. 
It results in increasing costs with increasing pretensions independently 
of the linear mass, and higher optimum linear mass with decreasing 
pretensions. It is derived from Figure 45 that the QSFD approach seems 
applicable for early stage optimizations with mid to low linear 
pretensions, i.e. <1.2. Obtained cost values differ by a 10% and it can 
acceptably be utilized only for preliminary design optimizations, setting 
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design line tensions as long as corrections in Figure 44 are accounted 
for. 
4.4 Chapter Summary 
The three state-of-the-art coupled approaches are compared in terms of 
structure motions, line tensions and required lines mass and footprint 
applied to a catenary moored floating WEC. The tools used have been 
the QSFD and QSTD herein developed and the commercial code 
Orcaflex that uses the DynTD approach. The following main 
conclusions have been obtained: 
- QSFD approach shows increasing line tensions and required mass 
with no benefits in structure offset and footprint with moderate line 
pretensions (>1.2) 
- Floater motions are overdamped with the QSFD which partially 
covers the mooring induced damping shown in the DynTD. It makes 
motion estimates of the QSFD closer to the DynTD than those of the 
QSTD approach 
- Mooring induced damping is larger with larger pretensions which 
induces larger motion excess kurtosis and in general larger differences 
of the QS approaches with respect to the DynTD. On the other hand, 
non-linear geometric stiffness induces negative skewness of motions 
PDFs 
- Line tensions with the DynTD approach show significant differences 
with respect to the QS approaches with large pretensions, mainly 
attributed to the mooring induced damping. These differences become 
larger for low pretensions as the DynTD model shows increasing snap 
load probability due to the heaving motions of the structure 
- Mooring sensitivity analyses can be performed with the QSFD 
approach in early stages, provided representative correction factors 
are applied. It has been shown that the corrected results are 
representative as long as the lines non-dimensional pretension are low 
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Chapter 6 
Numerical Verification of the Dynamic 
Linearized Frequency Domain Model 
6.1 Introduction 
Floating structures moored by means of catenary mooring systems tend 
to be designed with a very low horizontal stiffness, what makes them to 
be sensitive to the low frequency wave drift forces. Such low 
frequencies play a key role in lines tension spectra and, to reproduce 
them, significantly long simulations are needed. In addition to the 
simulation length, shorter elements in the lumped mass approach 
require shorter simulation time steps, resulting in time consuming 
simulations, especially when multiple combinations of parameters need 
to be analyzed in early design stages.  
The lumped mass numerical model has been proved to be accurate for 
the computation of line tensions of catenary mooring systems in 
Chapter 5. It is especially appropriate for mooring line tension 
assessment under extreme conditions, given the non-linear behavior 
showed in Chapter 4. However, fatigue limit states or assessment of 
control strategies are carried out in the most occurrent sea states (with 
low to moderate energy), where the non-linear effects are of lower 
relevance and the number of load cases are increased. 
Consequently, this section presents the verification of the linearized 
DynFD with the DynTD under operational conditions, both developed 
in this thesis.  The DynFD is based on the method introduced by [22] 
and extended in section 3.5 with a linearized stiffness matrix to account 
for the geometric stiffness influence on both structure and lines, applied 
to the WEC introduced in section 3.6.1. The outcomes of the linearized 
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DynFD are presented and compared with its non-linear counterpart, 
DynTD, subject to the most occurrent sea states at BiMEP site [85]. The 
accuracy of the model is assessed, and a modal analysis of the coupled 
model is enabled, pointing out the most apparent limitations of this 
approach. 
6.2 Numerical Model Settings 
Both numerical tools used in this chapter, the DynFD and the DynTD, 
will be used to build the respective models based on a floater geometry, 
the selected mooring settings and the environmental conditions that the 
model will be subject to. The floater geometry is the spar WEC used in 
this thesis as a reference, described in section 3.6.1, in the power 
production mode. Its linear hydrodynamic coefficients have been 
obtained modelling two diffracting bodies in the commercial software 
[62]. One body with the geometry of the spar, represented in Figure 67 
and defined in [16] as model K, and a massless surface to model the 
internal water surface level. 
In order to model the internal water surface horizontal motions, in 
surge, sway and yaw, rigidly with the spar structure, three kinematic 
restrictions have been imposed to both bodies, following equation 3.4.5. 
Additionally, they have been left to move independently in heave, roll 
and pitch. The PTO has been assumed not to introduce any stiffness in 
the model and the optimal PTO damping to maximise the extracted 
energy has been computed with the frequency domain model 
accounting only for the body motions in heave, without the mooring 
system and with the linearized drag term. The obtained values are 
represented in Figure 25. 
6.2.1 Mooring System 
The mooring system for the model verification has been assumed to be 
made up of three catenary lines as described in Figure 67 and specified 
in Table 16. The corresponding lines are made of a single chain section 
with the properties specified in Table 17 and equivalent to the properties 
 
 
Numerical Verification of the Dynamic Linearized 
Frequency Domain Model 153 
 
considered in the previous chapter, in Table 7. The corresponding non-
dimensional pretension of the lines, following equation 3.2.7, is 1.43. 
 
Figure 67 Floating WEC with the three-line mooring system 
Table 16 Mooring line lengths, fairleads and anchor points 
Property Line 1 Line 2 Line 3 
x_fairlead [m] -1.5 -1.5 2.9 
y_fairlead [m] -2.6 2.6 0.0 
z_fairlead [m] -32.0 -32.0 -32.0 
x_anchor [m] -277.0 -277.0 554.0 
y_anchor [m] -479.8 479.8 0.0 
z_anchor [m] -172.0 -172.0 -172.0 
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Table 17 Mooring line properties 
Mooring Lines Properies 
Property Value 
Equiv. Young Modulus [Pa] 3.35E+10 
Equiv. A [m2] 1.78E-02 
Linear mass [kg/m] 140 
Rayleigh Damp Coeff  0.001 
Seabed friction Coeff  0.5 
Ca (axial) 0.5 
Ca (radial) 1 
Cd (axial) 0.6389 
Cd (radial) 1.33 
Hydrodynamic Diameter [m] 0.151 
In order to select the appropriate number of line sections and the 
integration time step, a sensitivity study has been carried out. The 
resulting time series with increasing number of sections are showed in 
Figure 68 for fairlead tensions of lines 1 and 3 and surge.  The relative 
error of the corresponding standard deviations with increasing number 
of line elements are plotted in Figure 69. Lines discretization with 15 
elements show relative errors below 5% both in lines tension and in 
surge motion. Therefore, it was decided to consider mooring lines made 
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Figure 68 Resulting time series of the sensitivity analysis to the number of sections 
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Figure 69 Relative errors found in standard deviations of the sensitivity analysis to 
the number of line sections. Relative errors of the standard deviations of lines 1 
and 3 a) and surge b) 
In addition, a simulation with 15 sections and half the time step, 0.01s, 
has been performed. The relative error of the standard deviation of the 
simulation with the original time step with respect to the simulation 
with a time step of 0.01s has been checked for the surge motion and 
tensions of lines 1 and 3. The error in surge was found to be of 7.3·10-
3% while in line tensions of lines 1 and 3 were 7.6·10-2% and 3.7·10-2% 
respectively. Therefore, it has been decided to maintain the time step in 
0.02s for all the verification cases. 
6.2.2 Sea States for Dynamic Frequency Domain Verification 
The WEC here analyzed has been subject to the most occurrent (>1% 
annual time) sea states at the BiMEP test site [50], pointed out Figure 
70. It covers 63% of the annual time with a reduced number of 
simulation cases, 36 sea states, that also cover a wide range of Hs and 
Tp values, considered enough for verification in operational conditions. 
In the performed simulations the current and wave propagation 
directions have been assumed aligned with the global X axis, in the 
positive direction, as specified in Figure 69. 
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Figure 70 Sea State Occurrence probability at BiMEP sea test site [50] and the Sea 
States with more than 1% occurrence probability (red stars), selected for TD and 
FD simulation verification 
The spectral shape considered has been a JONSWAP with a gamma 
factor equal to 3.3 in all sea states. The current force has been 
considered as a constant force induced by the mean current speed. A 
representative current speed in operational conditions of 0.5m/s has 
been assumed. The projected vertical surface of the submerged part of 
the WEC into the current direction is 290[m2] and a common drag 
coefficient of 0.65 has been assumed. 
6.3 Results and Discussion 
The results of simulations with the DynFD model, introduced in 3.5.9, 
have been compared with the corresponding simulation with the DynTD 
non-linear coupled model, described by equation 3.4.1. Results in terms 
of motion and line tension PSDs are compared and the differences have 
been quantified through the relative error of standard deviations of the 
DynFD model with respect to the non-linear DynTD model. WEC and 
mooring loads and motions have been obtained with 12 one-hour TD 
simulations, assumed to be large enough to represent some hundreds of 
LF cycles to provide good PSDs. An additional initialization period of 
500s has been simulated that has been disregarded for the PSD 
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computations. The PSDs of the time series have been computed through 
the pwelch subroutine within the Matlab software [82]. Since the FD 
model has been linearized, an eigenvalue and eigenvector analysis has 
been carried out and is subsequently presented. It allows a deeper 
analysis and understanding of the extent of the applicability of the 
linearized model. 
The required computational time of the DynTD model, as stated in 
Chapter 5 for a three line mooring system with lines made up of 15 line 
sections, is about 1.5 times real time for a model with 200 frequencies. 
It would require about 18 hours to run each 12-hour TD simulations 
introduced in this chapter. When running the equivalent case with the 
DynFD model in the same computer, it required about 80 seconds to 
obtain the linearized motion response, thus reducing in 1 to 2 orders of 
magnitude the computational cost. Nevertheless, in order to obtain 
smooth PSDs in the results introduced in this chapter, 600 frequencies 
have been used.  
6.3.1 Modal Analysis 
Even though the natural frequencies related with surge and sway change 
with the mean position of the structure, a relevant sea state has been 
selected to analyse the modes of motion of the coupled model, Hs=1.5m 
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Figure 71 Structure and internal surface water level motion a) and lines tension 
amplitudes at the fairleads b) and eigenvalues within the showed frequency 
range (vertical lines). Response amplitudes Hs=1.5m and Tp=8.5s  
Figure 71 has been here introduced in order to visualize the relation 
between the DOFs of the WEC and the induced line tension amplitudes, 
subject to a representative sea state. Since the wave propagation 
direction does not excite sway, roll and yaw motions, these have been 
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omitted in the figure. The most relevant eigenvalues have been 
considered to be those most influencing motions and tension 
amplitudes, all showed in Figure 71, with the vertical axis in 
logarithmic scale in order to visualize the correlation between motions, 
line tensions and eigenvalues.  
It can be appreciated that the first peak in all motion and tension 
responses has two related eigenvalues. More precisely, the two modes 






Figure 72 Modes of the coupled model mainly related with surge a) and sway b) 
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The modes represented in Figure 72 are mainly related with surge and 
sway motions of the WEC. The wave propagation direction aligned in 
the positive X axis mostly excites the mode related with the surge 
motion. Therefore, it produces the tension peak shown in Figure 71 in 
the corresponding frequency. Both surge and sway related natural 
frequencies have been found very close to each other, which indicates 
that the stiffness in surge is not very sensitive to the mean surge (equal 
to 0.8372m in the simulation shown in Figure 71)  within the ranges of 
the introduced case study. Nevertheless, whilst the mode related with 
surge excites the three lines, the one related with sway excites only the 
two front lines. This statement should also be verified with small 
bending stiffness in the mooring lines. These modes of motion induce 
significant motions of lines’ nodes which may produce significant 
viscous drag damping in surge in the linearized FD model. 
A group of other 4 frequencies are found around 0.5[rad/s] in Figure 
71, related with pitch and roll motions of the structure as well as heave 
of the structure and heave of the internal SWL, as represented in Figure 
73 and Figure 74 respectively. It should be noted that the heave of the 
internal SWL corresponds with the piston mode in absolute coordinates, 
and the power is generated from the relative heave motion between the 
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Figure 73 Modes of the coupled model mainly associated with pitch a) and roll b) 
Modes related with pitch and roll motions, as stated for surge and sway, 
induce significant line motions. In fact, these modes have been found 
significantly overdamped in the FD computed motion responses, shown 
in Figure 71, due to the linearization of drag forces both on the structure 
and on lines. 
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Figure 74 Modes of the coupled model mainly associated with heave of the structure 
a) and pitch of the surface water level b) 
The modes related with structure and SWL heaving motions are 
represented in Figure 74 a) which, unlike surge and sway, do not excite 
significantly lines motions. On the other hand, the structure is 
significantly excited by waves and, consequently, large tension 
amplitudes can be observed in line tensions in Figure 71 b). The modes 
related with the internal SWL pitching, influence line tensions as they 
are coupled with the structure pitch and surge. It is clearly shown in 
Figure 71 that all modes experience a small excitation at the natural 
frequency in pitch of the internal SWL. However, this frequency should 
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be related with the corresponding sloshing mode in a more realistic 
numerical model. It has been found at a relatively large frequency and 





Figure 75 Modes of the coupled model associated with line motions in the plane of 
the catenary of the windward lines a) and the leeward line b) 
The modes represented in Figure 75 are related with in-plane lines 
motions with no significant motion of the structure. Both modes have 
been found to be in similar frequencies as the mean position of the 
structure has been relatively small, of 0.8372m, and the shape of the 
three lines is similar at that position. A third mode has been found at 
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1.32[rad/s], whose geometry has been omitted here, which shows a 
combination of both modes showed in Figure 75, but in opposing phase. 
These three modes are related with some differences between DynFD 
and DynTD models here compared, as explained in subsection 6.3.3. 
The modes of motion showed in Figure 75 stretch axially the three 
mooring lines. These modes , even though are well caught and provide 
invaluable information to the mooring designer, are a source of some 
disagreements between the DynTD and the DynFD approaches, as 
introduced in subsection 6.3.3. 
6.3.2 Floater Motions 
Surge, heave and pitch motions of both the floater and the internal SWL 
have been compared between both models in terms of their PSDs and 
the percentage difference of their standard deviations. 
 
Figure 76 Surge motion PSDs of the floater. Wave frequency magnified with a 
factor of 100 to enable plotting the whole PSD in a single figure. Dash-dotted 
vertical lines indicate the relevant modes identified in section 6.3.1 
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Figure 77 Heave motion PSDs of the floater (solid lines) and the internal SWL 
(dashed lines). Dash-dotted vertical lines indicate the relevant modes identified 
in section 6.3.1 
 
Figure 78 Pitch motion PSDs of the floater (solid lines) and the internal SWL 
(dashed lines). Dash-dotted vertical lines indicate the relevant modes identified 
in section 6.3.1 
Looking at the natural frequencies related with each degree of freedom 
of the structure and the internal SWL in Table 1, motion response 
 
 
Numerical Verification of the Dynamic Linearized 
Frequency Domain Model 167 
 
amplitudes in Figure 76 to Figure 78 can be related to each natural 
frequency. The peaks of the response in surge and pitch at frequencies 
of 0.065[rad/s] correspond with the natural frequency in surge, which 
indicates that both modes are coupled. As the peak period of the sea 
state showed in Figure 76 to Figure 78 is 9 seconds both heaving natural 
frequencies are significantly excited. This is shown in Figure 77 as the 
internal SWL is most amplified in frequencies close to 0.5[rad/s] and 
the structure heaving at frequencies close to 0.66[rad/s]. The pitching 
motion of the structure is not clearly shown in Figure 78 as there is no 
significant excitation around this frequency. In contrast, the pitching 
motion of the internal SWL, which corresponds to a sloshing mode, is 
clearly shown around its natural frequency of 2.524[rad/s], mostly due 
to not having introduced any viscous force in it.  
The natural frequency in surge show good agreement between both 
models in Figure 76. It indicates that the linearized stiffness matrix 
introduced by the analytic mooring system represents well the mooring 
influence on the floating structure. The kinematic relations are well 
fulfilled as both models show negligible differences in surge, what can 
be observed in Figure 71, and consequently the surge of the water 
column has been omitted in Figure 76. However, the uncertainties in 
surge can be mostly attributed to the magnitude of motion in its natural 
frequency, consequence of differences on the mooring induced 
damping. 
It is shown in Figure 78 that the pitching of the floater in the linearized 
model is overestimated in the LF range, balanced by the 
underestimation in the WF range. While the former is due to 
overestimates in surge, the latter can be attributed to the linearization of 
the viscous force term, that tends to overdamp the response. In addition, 
it is shown in Figure 79 that the pitch motion of the floater is 
underestimated when subject to more energetic sea states, amplifying 
the differences in pitch within the WF range. 
Pitch of the internal SWL shows very good agreement as it is not directly 
influenced by the most relevant non-linearities, however, it corresponds 
with a sloshing mode of the surface and it may be largely influenced by 
the air chamber pressure, which has not been considered here. 
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Figure 79 Percentage differences of the standard deviation of motions obtained with 
the DynFD with respect to the DynTD. Contour lines represent zero levels. a) 
Surge; b) Heave of the structure; c) Heave of the internal SWL; d) Pitch of the 
structure; e) Pitch of the internal SWL 
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All degrees of freedom show in Figure 79 differences lower than 6% in 
standard deviation with respect to the non-linear TD model except 
surge. Surge, unlike other degrees of freedom, is very influenced by 
non-linear effects such as slowly varying wave drift forces and the 
geometric stiffness, what explains its larger differences. Additionally, 
the modes of motion related to surge and sway imply significant lines 
motions, as showed through modal analysis in Figure 72, and the 
inherent error made in the linearization of viscous forces on lines may 
vary the induced damping on structure motions. Mentioned effects 
make surge to be overestimated in most sea states, as a consequence of 
overestimations in the LF range and its high relevance on the standard 
deviation with respect to WF motions.  
Heave motions although slightly underestimated in intermediate wave 
heights are in general in very good agreement, both of the structure and 
the SWL. Observed differences can be mostly attributed to being 
overdamped by the linearized viscous drag.  
6.3.3 Line Tension 
Line tension PSDs can be derived from nodes’ motions both in the LF 
and in the WF range. The geometric stiffness linearization allows 
catching the induced line tensions in the LF range. As stated for pitch 
motions, line tensions are overestimated by the FD models in sea states 
with lower energy content. Similarly, the deviations in the WF range 
drives the total standard deviation percentage difference as the 
incoming wave energy increases, as represented in Figure 81 and Figure 
82. 
Heaving motions are significantly excited, and a non-linear behaviour 
of lines can be expected. Line tension amplitudes obtained in 
frequencies (0.5-0.7[rad/s]) corresponding to heave natural frequencies 
are acceptably well represented by the linearized model in Figure 82, 
specially for the windward lines, while the leeward line 3 shows larger 
differences, more influenced by WF motions. 
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Figure 80 Line tension standard deviation (vertical lines at each node) with both 
models with respect to the mean line tension along the whole line 1 a) and line 3 
b) 
An estimation of line tensions PSD along the whole line is also provided 
by the FD model. Figure 80 shows the standard deviation (vertical 
lines) with respect to the mean tension computed with the analytic 
catenary equations, along the line. The mean tension difference between 
both models has been observed to be lower than 1%. In Figure 80 
standard deviation differences have been found to be of 1.9% in the 
fairlead increased up to 27% in the anchor for lines 1 and 2 and of 8% 
in the fairlead up to 22% in the anchor for the line 3. The FD solution 
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tends to improve line tension estimates as the analysed section is closer 





Figure 81 Difference percentage of the linearized frequency domain model with 
respect to the non-linear time domain model in terms of line tensions standard 
deviation at the fairlead. Contour lines represent zero levels, showing both 
limits of the selected simulation sea states and limits between under and 
overestimations of the DynFD model. 
There is however a remarkable difference between lines tensions 
obtained with both models in frequencies within 1.3-1.7[rad/s], mostly 
notable in low Hs. The frequency range is coincident with the modes 
described in Figure 75, as introduced in section 6.3.1 through modal 
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analysis. When the device is subject to low Hs sea states, line tension 
standard deviation values are overestimated with the FD model as 
shown in Figure 81, as a consequence of the WF range, observed in the 
PSDs in Figure 82 a). Although PSDs of lines’ tension obtained with 
the DynFD model show a smooth decrease as the frequency is increased 
over these natural frequencies, the DynTD model show a steep decrease 
in the same range, especially in low energy sea states. This discrepancy 
can be attributed to non-linearities not appropriately caught in the 
linearized FD model, such as the interaction with the seabed or lifting 
line sections from the seabed. Moreover, it can cause overestimations 
in line tension standard deviation values of around 20% with low 
incoming energy, as shown in Figure 82. On the other hand, the 
explained discrepancy is balanced by the increasing line tension 
amplitudes induced by the heaving motions as the Hs is increased. 
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Figure 82 Line tension PSD comparison between the FD and TD models for low Hs, 
line 1: a) and line 3: b); intermediate Hs, line 1: c) and line 3: d); moderate Hs, 
line 1: e) and line 3: f). Dash-dotted vertical lines indicate the relevant modes 
identified in section 6.3.1 
 
 
174 Numerical Verification of the Dynamic Linearized 
Frequency Domain Model 
 
Good agreement has been obtained for all lines with the device subject 
to intermediate Hs, especially for the windward lines in the WF range, 
whilst slightly underestimated in LF for all lines, see Figure 82 c) and 
d). When analysed in moderate sea states, the windward lines results 
are improved with respect to lower Hs with some underestimation in 
the LF range. Nevertheless, Line 3, the leeward line, shows higher 
differences under moderate Hs, with lines tension standard deviation 
underestimated up to a 20%, due to the difference in the WF range, see 
Figure 82 f), which is mostly related with the heaving motion. 
6.4 Chapter Summary 
A verification work of the DynFD with the DynTD has been carried out 
considering a floating WEC, moored by means of a three catenary line 
mooring system. Differences in standard deviation of motions and line 
tensions at the fairleads have been shown and the strengths and 
weaknesses of the DynFD have been pointed out. The main findings 
can be summarized as: 
- All maxima within the line tension PSDs are related with a mode of 
motion of the structure 
- The mode of motion related with surge induces significant line 
motions. It produces a significant amount of viscous damping, 
identified as a source of uncertainty in surge motion estimates 
- A group of three modes has been identified in frequencies over both 
heaving natural frequencies, that imply axially stretching of lines 
- Most differences in surge motions are mainly related with the 
uncertainties introduced by the mooring induced damping 
- Heave and pitch motions show in general good agreement, less 
influenced by the mooring linearization. The differences showed can 
be mostly attributed to the linearization of viscous forces on the 
floating structure 
- Line tensions are very sensitive to the modes related with their axial 
stretching, especially with the system subject to mild sea states. As 
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the energy of the sea states is increased its influence is of relative 
importance compared with lines tension induced by the heave motions 
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In this thesis a review of numerical modelling methods of catenary-
moored floating structures has been carried out in Chapter 2, with an 
emphasis on WEC technologies, generally smaller and more 
dynamically excited than the traditional offshore structures. A 
comparative study about the most widely used numerical modelling 
approaches has been carried out in Chapter 4, under extreme 
environmental conditions. After showcasing that, in addition to the non-
linear geometric stiffness, drag and inertia effects are of utmost 
importance, the corresponding lumped mass non-linear code has been 
developed, and the DynTD model has been introduced in Chapter 3. 
This model has been validated with tank test results of a CALM buoy 
subject to operational sea states in Chapter 5. Finally, since the 
mentioned DynTD model resolves the mooring system and floater 
motions numerical models in a fully coupled single mechanical system, 
it has been linearized, proposing the DynFD approach, also introduced 
in Chapter 3. Such a model has been developed in the frequency 
domain, coupling structure and line motions and accounting for lines 
drag and inertia as well as the linearized geometric stiffness on catenary 
mooring lines. The proposed DynFD developed model has been 
verified against the DynTD results in Chapter 6, using a floating WEC 
moored by means of three catenary mooring lines and obtaining good 
agreement in operational sea states. 
The initial study, introduced in Chapter 4, considers the floating WEC 
introduced in section 3.6.1, subject to extreme waves and current. A set 
of 25 linear masses and lines pretension combinations has been 





analyzed, along with the corresponding cost of materials and the 
required footprint. It has been concluded that: 
- The simplest approach, the QSFD introduced in section 3.2, provides 
acceptable results for the motions of the structure when moored with 
lines with mid to low pretensions 
- High line pretensions show a significant amount of damping in 
structure’s motions with the DynTD approach that cannot be caught 
with any other approach 
- Line tensions obtained with the QSFD and QSTD approaches are far 
from the ones obtained with the DynTD, introduced in section 3.4, and 
have been considered not appropriate for detailed line tension 
estimates 
- The QSTD approach, introduced in section 3.3, shows clearly the 
influence of all degrees of freedom, heaving included, on lines 
tension. However, the lack of lines inertia makes it to underestimate 
significantly lines tensions in the wave frequency range, performing 
well only in the low frequency range. This might be acceptable for 
structures other than floating WECs, that are primarily excited in the 
wave frequency range 
- It has been observed that the difference between the QSFD and the 
DynTD, is mainly dependent on the pretension. Correction factors 
have been proposed for lines’ length and tension. Acceptable cost 
estimates can be obtained using those factors with the QSFD 
approach, again for mid to low lines pretension and preliminary 
designs. This method is very simple to implement and fast enough to 
perform large amounts of simulations in a few hours 
The main body of numerical modelling of this thesis has been focused 
in developing a simulation tool to solve a lumped mass model of the 
mooring system fully coupled with the floater dynamics, introduced in 
Chapter 3. The herein developed numerical models are based on the 
lumped mass concept, the Cummins equation in six degrees of freedom 
for each diffracting body and Lagrange multipliers approach for 
coupling the lumped mass model and all degrees of freedom described 





composed of several rigid bodies, the kinematic relations have also been 
used to set restrictions between rigid diffracting bodies to compose 
floating WECs. This model has been validated with tank test results, as 
introduced in Chapter 5, using the results of the tank testing campaign 
of the CALM buoy described in section 3.6.2. It has been concluded 
that: 
- Line tension estimates with transverse motions show lower accuracy, 
probably due to the seabed friction model 
- Simulations in irregular waves with imposed motions have shown 
very good agreement. However, it has been observed that line tension 
estimates with numerical model is less sensitive to transverse motions 
compared with the physical tests  
- Simulations in irregular waves with the DynTD coupled model show 
larger differences, mostly due to non-linearities in pitch that have not 
been modelled 
One of the most significant contributions in this thesis is the DynFD 
model, introduced in section 3.5. It consists in linearizing all non-linear 
terms of the DynTD model. This enables the model to be solved in the 
frequency domain, resulting in an approach 1 to 2 orders of magnitude 
faster with respect to the non-linear time domain lumped mass. It has 
been verified with the corresponding DynTD simulations of the floating 
WEC moored with a catenary mooring with a high pretension and 
subject to operational sea states (up to Hs=3m). The results of the 
verification have shown: 
- Very good agreement in all degrees of freedom of the floater and lines’ 
tension of the fairleads in most sea states has been obtained. The most 
notable disagreement has been found in mild and moderate Hs sea 
states in surge and lines’ tension, of up to 20% in standard deviation. 
Mostly attributed to uncertainty in the mooring induced damping 
- Modal analysis has shown that in mild Hs sea states some uncertainty 
is introduced by a mode stretching the whole lines, whose tension is 





- In moderate Hs sea states some differences have been found in the 
leeward line in the wave frequency range, mostly related with heaving 
motions 
- This verification has proven that lines’ tensions can be obtained with 
a quick frequency domain model with good accuracy. The main 
drawback of this approach is that it may be complex to implement. 
To sum up, preliminary cost estimates, based on extreme environmental 
conditions, can be obtained with the QSFD approach for mid to low 
pretensions, provided total suspended lines length and lines tension are 
corrected with correction factors varying with the lines’ pretension. The 
non-linear lumped mas modelling approach provides itself very good 
results when the motion of the fairlead is within the plane of the 
catenary, and a further study should be performed to demonstrate that 
improved seabed models increase the accuracy of tension estimates. 
Larger uncertainties are introduced in floater body motions that are 
translated into line tension uncertainties. The herein proposed 
frequency domain approach (DynFD) of the fully coupled lumped mass 
and floater motion models has demonstrated good accuracy in 
operational conditions, it can efficiently be used to assess fatigue 





Recommendations for Future Work 
Future research lines can be aligned with two main objectives, further 
verification and validation of the DynFD approach as well as its 
applicability to engineering practices. 
An extended verification of the DynFD approach can be carried out, 
that may provide its applicability ranges in terms of environmental 
conditions, types of floating structure or mooring settings, i.e. line 
pretension and linear mass. This will increase the feasibility of the 
introduced approach within its applicable ranges. 
Initial conditions of the DynTD and the mean position for the linearized 
DynFD are based on analytic catenary mooring systems. Extending the 
tools to find the corresponding positions for complex configurations of 
mooring systems would provide it with a large variety of potential 
applications within the sector. 
Its applicability to fatigue life estimates can be very beneficial in terms 
of computational time. It implies assuming specific load cycle 
amplitude probability density functions built up from the obtained line 
tension spectral densities. A large body of research has been carried out 
by different authors to estimate probability density functions for non-
gaussian loads, that can be used in combination with the results 
obtained with the DynFD model. Its applicability to fatigue damage 
estimates might, not only enable accounting for the fatigue damage 
earlier in the design process, but also to be integrated within different 
kinds of digital twins of floating platforms and its mooring systems. 
Complex control algorithms of floating renewable energy structures can 
also be implemented with the additional purpose of minimizing loads 
on mooring lines. Such control subroutines may require linear systems 
of the floating structure and mooring lines to be solved systematically. 
This can be enabled with the herein proposed DynFD approach, that 
can be integrated in these control subroutines, as it provides structure 
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